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]_ICJ'II) MMPOBCACHUA JICKIIMOHHBIX 3aHSATHM: (1)0pMI/IpOBaHI/IC TCOPCTUICCKUX

3HAHUMH,

HEOOXOIMMBIX B

JIEATEIILHOCTH.
3amaun:
- mpuoOpeTeHue, (GOPMUPOBAHKME TEOPETUUCCKUX 3HAHUH IO KOHKPETHBIM

TeMaMm;

BbIpa0OTKa

IIPU  U3YYEHHUH

TCOPETUUCCKOTI'O

nocieaywIiein  mpodecCUOHATbHOW M yueOHOH

Marepuajia TaKuxX

poecCHOHATEHO 3HAYUMBIX Ka4eCTB, KaK CaMOCTOSITEIHPHOCTh, OTBETCTBEHHOCTD,
TOYHOCTb, TBOpUECKas MHUITNATHBA.

B nporpamMmy BKIIOUEHO Coiep)KaHNe, HAPaBICHHOE Ha (OPMHUPOBAHUC Y
oOyyarommxcsi o0mUX U TPOQPECCUOHATBHBIX KOMIETEHIUM, HEOOXOAUMBIX IS
kayectBeHHOro ocBoeHust OI1OII CIIO.

Kon IIK, YmMmeHnus 3HaHuA
OK

OK 01 — HaXOJIUTh MPOU3BOJHYIO | — OCHOBHBIE ITOHATHS YU METOIbI

OK 02 AIIEMEHTapHON (QyHKINU; MaTeMaTU4YECKOr0 aHAJIN3a;

OK 03 —  BBINOJHATH JCWUCTBUS  HAJ | — METOIUKY pacuera c

OK 09 KOMILJIEKCHBIMU YUCJIaMU; IIPUMEHEHUEM KOMILJIEKCHBIX

OK 10 —  BBIYHCIITH  IIOTPEIIHOCTH | YHCEIT,

OK 11 pe3yJbTaToB  JEWCTBUSA  HaA | — 0a30BbIC ITOHSATHUSA
NPUOIMKEHHBIMU YUCIIaMU; nuddepeHnanIbHOro 151
— pearb IIPOCTENIINE | UHTETPATIbHOTO UCUYUCIICHNUS,
YPaBHEHUS 51 CUCTEMBI | — CTPYKTYPY
YpaBHEHMII; muddepeHnnanTsHOTO YpaBHEHNUS,
— 3aJjaBaTh  MHOXECTBa M | — CLOCOOBI pelICHUs MPOCTEUIINX

BBINOJIHSATH OIEPALIMU HAJlI HUMU,
— HaxoAuTb BEPOATHOCTH B
MPOCTEUIINX 33/1a4aX;

— BBIMIOJIHATH  apU(PMETHUECKUE

orcpamnnu ¢ BEKTOpaMu;

— TpuMeHATh psaabl Dypbe s
HEKOTOPBIX byHKIUH

BHUJIOB YPaBHECHUN;

— OINpeJeNieHne MPUOIMKEHHOTO
YHUCJIa U TOTPEIHOCTEN;

— MIOHSATHE MHOECTBA,
AJIEMEHTOB MHOXECTBA; CIIOCOOBI
3aJlaHus MHOYKECTB W OIEpaluui
HaJl HUMU;

— TIOHSATHE BEKTOpA, OMNEpalH C
BEKTOpa-MH; IIPUMEHEHHE
BEKTOPOB IPH PELICHUY 33aY;

— DJEMEHTHl KOMOWHATOPHOTO
aHaN3a;

—  ONpeNeNieHHe BEpPOSITHOCTH,
IIPOCTEUIIINE CBOMCTBA




BCPOATHOCTH,
— IMOHATHUC YUCJIIOBOI'O psAaa, BUAbI

psIOB; TEOpEMY Dypse,
pasnoxenne B pag  Dypbe
HEKOTOPBIX (PYHKIUH.




PA3JAEJ 1. TIOHATHUE O YUCJIE. KOMIIVIEKCHBIE YU CJIA

Tema 1.1. PazBurre NOHATHSA 0 YHKCJIE
Llenvie, payuonanvuvie u delicmsumenvuvie yucia. Ilpubnusicennoe sHavenue 8eIUUUHDL.
Abconiomuas u omuocumenvHas nocpewHocmu. Jletcmeus ¢ nPUOIUNCEHHBIMU 3HAYEHUIMU.
Cpasnenue wucnosvix gvipasicenuti. Cmanoapmuas 3anuco yucia. /leticmeusi ¢ yuciamu 8
CMAaHOapmHOM uoe.

Yucsi0 — OCHOBHOC TOHSATHE COBPEMEHHON MAaTEMAaTHKH, ITO3BOJISIONICE BHIPA3UTh
pe3yibTaThl CYSTa WIIA U3MEPCHHS.

Yuci0Bble MHOKECTBA.

MuoxectBo HarypanbHbIX yncel (N)
Yucna Buma N = {1, 2, 3, ...} Ha3pBaoTCs HaTypajabHbiMU. HarypasibHbie
YHCJIa TIOSIBHIIACH B CBS3H ¢ HEOOXOUMOCTBIO ITOICUETa IMPEIMETOB.

MHOo)ecTBO 1HebIX uncel (Z)
Uwmcna Bupa: Z =1{... -3,-2,-1,0, 1, 2, 3, ....} Ha3bIBAIOTCS UeaAbIMU YUCIAMU, T.C.
IeJIbIC YHCIa - 3TO HaTypajbHBIC YKMCIa, 9uciao 0 ¥ Yucia, MPOTHBOIOJIOKHBIC
HATypaJbHBIM.

MHO0eCcTBO panroHaIbHbBIX yucel (Q)

m
Yucna BHUAa —, 20e m - EJI0C YMCII0, 4 N - HATYPAJIbHOC YHCJIO HA3bIBAXOTCA
n

PAlMOHAIBHBIMU YHCIaMH. T.e. palMOHAIbHBIC YHCIIA — ATO IEJIbIC YHCIIA H
JTpOoOHbIC YKCTIA.
MHuoxecTBO upparmoHanblbIX yncel (1)
Uncma, He  sABIAOMUECS  IENBIMA  WJIA  JPOOHBIMH,  HA3bIBAIOTCS
HppanuoHAJIbHBIMU. KaX10€ nppannoHaabHOE YHCIIO MPEACTABISICTCS B BUJIC
HEMEePHOINYECKON OECKOHEUHON AECATUYHON JPOOH.
MHOKeCTBO JIeHCTBUTENbHBIX drcen (R)
MHOXeCTBO BCEX KOHEUHBIX U OCCKOHEUHBIX JCCATUYHBIX ApoOei Ha3bIBaeTCs
MHOKEeCTBOM JIefiCTBUTEIbHBIX YHCeJI: PAIMOHATBHBIX U HPPAIlMOHAIIbHBIX.
MHo:kecTBO KoMILIeKCHBIX uncea (C).

KoMmiuiekcHoe 4YHCIIO — DPTO YHMCIO Buma: Z = a-+bi , rme d u b —
JIeficTBUTENbHBIE Ynciaa, | — MHMMas equHUIA.

IHorpemnocTu
Pe3ysnbTaTr u3MepeHUuss — 3HaAUCHUE BEJIMUMHBI, HAWJICHHOE ITyTEM €€ U3MEPEHUSI.

B cucremax snekTpocHaOKEeHHSI U3MEPSIIOT TOK, HANpsKEHUE, aKTUBHYIO U
PEaKTUBHYIO MOIIHOCTH, JJEKTPOIHEPIHIO, AKTUBHOE, PEAKTHUBHOE U TIOJIHOE
COMPOTUBJICHUE, YaCTOTy, KOIPQOUIIMEHT MOIIHOCTH; TPU HHEProCHAOKEHUU
U3MEPSIOT TEMIIEPATYPY, JaBJICHUE, PACX0]l SHEPrOHOCUTENS , TEIJIOBYIO YHEPTHIO ,
nepeMeIleHue U Jip.

[Ipu mnpoBemeHnn wu3MEpeHUN BcerAa HEOOXOAUMO YYHUTHIBATH TPHU
napameTpa: 3HA4YCHHE, EIUHUILY H3MEPEHUS; OIMMUOKY U3MEPCHHUS.
IHorpemHoCTHL — OTKJIOHEHUE pe3yJibTaTa W3MEPEHUss OT HUCTHUHHOTO 3HAYEHUS

U3MEPSEMOM BEJTUYUHBI.




IIpuyrHbI BOBHUKHOBEHMS MOTPEIIHOCTEM:

" MOrpeIIHOCTL MEPLI: HCBEPHOC BOCIIPOU3BCACHUC CIUHUILIBI (I)H3PI‘ICCKOI>1 BCIIMYNHBI

*  HEBEpHBIC NMpPeoOpa3oBaHUS;

- HCIIPABUJIBHOCTb CPABHCHUS;

" HCCOBCPIICHCTBO MCTO/1a I/IBMepeHI/Iﬁ;

" HCCOBCPHICHCTBO NPUMCHACMBIX CPCACTB HSMGPGHHﬁ;

*  nedeKT cpeaCcTBa U3MEPCHHS;

*  YeNoBEYECKHUH (DaKTOp: HECOBEPIIEHCTBO OPTaHOB YYBCTB ONEPATOPa; €ro HEOPEKHOCTH WU
HCA0CTAaTOYHOI'O BHHMMAHHA B IIPOLICCCC I/I3MepeHI/Iﬁ nu Cl)I/IKCElI_II/II/I HUX PpE3yjIbTaTOB; HHU3Kas
KBaTM(UKAIIKS ollepaTopa

" OTKJIOHCHHCEC yCHOBI/Iﬁ OKCIUTyaTalluu CpeACTBa U3MCPCHUSA OT HOPMAJIbHBIX: SKCTpCMAJIbHAA
OKpYy’Karomias TEMIICpATypa, OTHOCHUTCJIbHAas BJIaXXHOCTB, aTMOC(IJepHOC JaBJICHHUC,
HAIlPpSOPKCHUE TIMTaHMUA; YaCTOTa IICPEMCHHOI'O TOKaA; HArpys3kKa; BXOJAHAas W BbIXOJHAsA
MOIIHOCTb U AP.

AO0COIOTHAS OTPEIIHOCTH
AGcomoTHoii  morpemnocTbio N npubmmkenns X = @ HasbiBaeTcs MOLYIIb
Pa3sHOCTH  MeXIy ee TOYHBIM 3HaueHmeM X U pe3yabTaToM M3MEpeHHs
(npuébnuscennvim snavenuem) QA

h=|x-4
IHpumep
B oernm cCujaa TOKa |:10A , a4 aMIIepMCTp, BKIIIOUEHHBIII B OTy LCIlb, IIOKA3bIBACT

| ..., =10,15A  3naunr, a6comornas morpemsocTs mokasanus npuGopa:

h=|I-1,,|=[10-1015=0154

usm

Ecnu HU3BCCTHO, YTO h (HOFpGIHHOCTI; HpI/I6JII/DKCHI/IH) HC IIPCBBIIIACT HCKOTOPYIO

BEJINYNHY A , TO DJTa BEJIUYMHA A naseiBaercs rpasHuued adCoIOTHOM
NMOrPelIHOCTH
h<A  um [x-a<A
Ecnu n3BecTHa rpanuiia abCONMIOTHONW MOTPEUTHOCTH, TO MUILLYT:
X=aztA

[lo wu3BecTHOM TpaHulle aOCOJIOTHOM NOrPEIIHOCTH A , HaXOIAT TpaHULBbI, B
KOTOPBIX 3aKJIF0UYEHO TOYHOE 3HaueHue yucna X

a—A < x <a+A
IIpumep
N3BecTHO, 4TO aOCONIOTHAS MOTPEeIIHOCTh amrepMerpa He mpessimaer 0,054, (t.e. A=0,05).

Pesynbprar n3mepenus nokasan CHIIy TOKa |u3M =8,45A . 3uaunr, uctunHas cra TOKa B LElH
3aKJIFOYEHA B CIEAYIOINX TPaHULIAX:

845-0,05 < | < 845+0,05, re.
840 A4< | < 8504.
v 1 =845+0,05(4)



OTHocuTebHAasI MOrpemHoOCTb

OTHocUTEIbHOH MOrpeIIHOCTBIO I HpI/I6J'II/I}KCHHOFO yuciia ( wHa3pIBaeTcs

OTHOIIIEHHUE a0COJIFOTHOM IMOTrpCIIHOCTHU h 9TOro 4wuciia K MOAYJJIKO YHCIIa a
,HaHHOﬁ BCJINYHHEI, T.C.

a
OTtHOcHuTEIbHAS MNOTPCIIHOCTL XAPAKTCPU3YCT TOYHOCTb HM3MCPCHUA M YaCTO
BBIPAXXAaCTCs B IIPOLCHTAX.

r=—-100%
4
IIpumep
B Oocnu CuJia TOKa |:10A , a4 aMIICpMCTp, BKJIIOUCHHBIH B 9Ty MLCIlb, IIOKA3bIBACT

Iusm = 10114A . Haiitn OTHOCHUTCJIbHYIO IIOT'PCITHOCTh U3MCPCHU.

Pemienue.
AOCOMIOTHAS IOTPEITHOCTD MTOKa3aHus mpudopa:

h=[1-1,,|=[10-1014=0144

Torna oTHOCUTENBHAS MNOTpPCIIHOCTD 6y,[[eT paBHaA:

r = 1009 = 2% 1009 ~ 0,014-100% = 1,4%
4 10,14

Otser. 0 =1,4%
Yem MEHbIIE OTHOCUTENIBHAS IMOTPEIIHOCTh, TEM BBIIIE KAY€CTBO U3MEPECHUU WIIH
BBIYUCIICHUI.

B TtexHuueckux pacdyerax, OTHOCUTEIbHAS MOrPEIIHOCTE GoJiee 0,5% TroBOpUT O HU3KOM
TOYHOCTH H3MEpPeHHid, T.e. 0 Tpy0oil omnOKe B U3MEPEHUSX.

IIpumep

B pesynbrare usmepeHuii mojqyunsig, 4To JJIMHA KapaHaa paBHa 16¢m, a jimHa KOMHATHI paBHA
730cM. KakOBO KadecTBO O0OOMX M3MEPEHMMH, €CIM CUMUTaTh aOCOJIOTHYIO MOTIPEIIHOCTh PaBHOU
0,5cm?

Pemenue.
OTHOCUTEIBHBIC MOTPEITHOCTH U3MEPEHUN OyIyT paBHbI:
I’l = L -100% = % -100% = 0,03125-100% ~ 3,1%
|a1| 16
h 0,5
r2 =—-100% = —-100% = 0,0006849 -100% ~ 0,07%
|a2| 730

O‘—I@BI/I}IHO, YTO Ka4€CTBO MU3MCPCHUSA JJIMHBI KOMHATBI JIYy4lIC, YEM KauCCTBO I/ISMepeHI/Iﬁ JJIMHBI
KapaHJaiia 1mpu OHHHaKOBOﬁ a0COJIFOTHOU MOrpCIIHOCTH.

Otser. I, =31%, r, =0,07%




OxpyrJieHue qecATUIHBIX APodei

OxkpyrJjieHue aecITUUHON ApoOu — ortOpackiBaHMe IUbp MIAAMUX pa3psoB,
Ha4YMHAasi C HEKOTOPOTO.
IlorpemiHOCTH OKpYIJIeHHMI — a0COJIIOTHAsl TMOTPEUIHOCTb, MOJY4YEHHas MpH
OKPYTJICHUH.
IIpaBusia okpyrieHnus:

1. Ecau mepBas orOpackiBaemas mudpa 5, 6, 7, 8, 9, To npeamiecTByromas eu
ugpa yBeJIMUYMBACTCS HA EIUHUILY.

2. Ecnu nepBas otOpaceiBaemas mudpa 0, 1, 2, 3. 4, To npeamecTByomas ei
udpa HEe U3MEHSETCS

IIpumep

Yucno 0,2473 okpyrnuTh a) A0 THICAYHBIX, 0) 10 COTBIX, B) JO JECATHIX.

Pewienue.

a) 0,2473~0,247 (1.x. okpyrisiem 10 0,001, To mepBas orOpacsiBaeMas mudpa 3,
3HAYUT, 7 HE U3MEHSIETCS)

0) 0,2473=0,25 (t.x. oxpyruisiem g0 0,01, To mepBasi orOpacbiBaemas mudpa 7,
3HAYUT, 4 yBETMYNBAEM Ha €AMHHUILY, T.€. 110 5)

B) 0,2473~0,2 (t.x. okpyrimsem g0 0,1, To mepBas orOpaceiBaeMasi 1udpa 4,
3HAUUT, 2 HE U3MEHSETCS)

Otser. a)0,247; 6)0,25; B) 0,2.

Bbrunciaenusi ¢ npudJIMKeHHbIMH YHCJIaMu 0e3 MoAcYeTa MorpenHocTei

Brraucnennss MO>XKHO YIIPOCTHTh, TIPUMEHSIS TIpaBUjia Mmojacdera mudp. ITO caMbli
rpyObiii  cmoco6. Ho ero TOYHOCTH BIIOJHE JOCTAaTOYHA IS OOJBIIMHCTBA
TEXHUYECKUX PACUCTOB

IIpaBuia noacuera uugp.

1. Tlpu crnoKeHWHM W BBIYUTAHUM MPUOIKEHHBIX YUCET B pe3yjbTaTe CIEayeT
COXpaHATh CTOJBKO JIECITHUYHBIX 3HAKOB, CKOJBKO HMX B MPUOTMKEHHOM, Y
KOTOPOT0 HAUMEHBIIIEE YUCIIO JECATUYHBIX 3HAKOB.

2. Bo Bcex MpOMEXYTOUHBIX PE3yJIbTaTax CIEAyeT COXPaHATh OJHOW IUdpOit
Oonee, 4eM peKOMEHAYET MpeablayIiee mpaBuio. B okoHYaTenbHOM pe3ysbTaTe
aTa 3anacHas uudpa oropacbiBaeTcs.

3. Ecam HekoTOophIe HJaHHBIC UMEIOT OOJIBINE MECATUYHBIX 3HAKOB YEM JIPyTHe, TO
UX TPEIBapUTEIBHO CIEIYyeT OKPYIJIUTh, COXPaHsS JIMIIh OJHY JIUIIHIOK
uudpy.

4. Eciu TIpe/UIo’)KEHO MPOU3BECTH BBIYMCICHUS C 3aJaHHOW TOYHOCTBIO, TO
cleAyeT OKPYIVIUTh YMCJIa, BXOJSIIME B BBIpaXXE€HHE C OOJIBbIIEH TOYHOCTHIO
(xors Obl Ha OJWH JECATUYHBIM 3HAK), a YK€ OKOHYATEeJIbHOE 3HAYCHHE
OKPYTJIUTH JI0 33JIaHHOW TOYHOCTH.




IIpumep

BrimmoanTe NENCTBUA C MPUOJIMKEHHBIMU 3HAUYEHUSIMU qUCeIl
145,561+ 43,4 +0,15—-5,035
Pemenue.

B npumepe mNpUCYTCTBYET TOJBKO CIIOKEHHE M BBIYUTAHUE, IIOITOMY ITOJIB3YEMCS
NIEPBBIM MPABHUIIOM, HE 3a0bIBasi PO BTOPOE U TPETHE.

MeHbllle Bcero AECATUYHBIX 3HAKOB y uucia 43,3 (0IUH ACCATUYHBIN 3HAK).
3HA4YUT, YYUTHIBAs LIECTOE MPABUIIO, BCE OCTAJIBLHBIE CIAra€MbIE€ OKPYIJISIEM JI0 JIBYX
JECATUYHBIX 3HAKOB (T.€. C OJTHUM JIMIITHUM)

145,561+ 43,4 + 0,155,035 ~ 145,56 + 43,4 + 0,15 — 5,04 = 184,07

OtBeT NoJaydusin ¢ ABYMA OCCATHYHBIMU 3HAKAMM. T.x. OJHH 3HAaK MBI OCTaBJIAJIN
JIMITHAM JJIs1 TOYHOCTH, TO TCIICPh €I'o OT6paCBIBaeM I10 IIpaBHJIaM OKPYIJICHUA.

184,07 =184,1

T.e. OTBET MOJMYUYUIIN C TAKUM K€ KOJIMYECTBOM JCCATUYHBIX 3HAKOB, KaK M YHCIIO
43,3 (oauH AECATUYHBIN 3HAK)

Orser. 184,1

IHpumep

Borunciute a’ ++vJc —a-b, ecmm a~213, b=193 c~298 ¢ tounoctsio 0,1
Pemenue.

Bocnonb3yemcs npaBusiom 4. T.e. mpOMeXyTOUHBIE BBIYMCICHUS OKPYIJIUM J10
JBYX JIECSITUYHBIX 3HAKOB (T.K. TOYHOCTh OTBETA JOJKHA OBITh - OJIUH JECATUYHBIN
3HAK)

a? =213 = 4,5369 ~ 4,54

Jo=4298~173

a-b=213-193=4,1109 ~ 4,11
a’+yc-a-b=454+173-411=216~2.2 (orper ¢ touroctsio 0,1)
Ortser. 2,2

CTaHaapTHBIN BUI YHCIa

CrangapTHBIN BU YKCIIa CO3/IaH IS yA00CTBA ONEPUPOBAHUS OUCHB OOJBIITUMU
WIM OYEeHb MAaJbIMH BEIIMYMHAMHU, TaKUMHU Kak: CKOpPOCTh cBeTa ((¢u3mKa,
aCTPOHOMHMS); pa3Mephbl MOJICKYJ, aTOMOB M MX COCTaBJSIOMIMX (XUMUA, (HU3UKA);
KOJIMYECTBO MOJIEKYJI B 00BEKTE OCSA3aEMbIX PA3MEPOB (XUMHUS); PACCTOSIHUS MEXTY
KOCMHYECKUMH 00BbEKTaMU (aCTPOHOMHUS) U .

B anekTpoTeXHUKE TakKe ONEepUPYIOT MAJIbIMU U OOJIBIIMMU BETMUMHAMMU: 3apsi]l
KOHJICHCATOpa, PACCTOSIHUE MEXAY NMPOBOJAMU, MATHUTHBIN MOTOK, MPOTSKEHHOCTh
AIEKTPUUYECKUX CETEeH, HAIpsKEHUE, CUJIa TOKA U T.]I.



n
Yucino B CTaHJapTHOM BHUIC: a- 10 ,
20e 1<a<10, neZ. n - nopsadox wucia

Hanpumep,
crarom = 898 755 178 736,818 Om =~ 8,98755-10" Om

T.C. 3aIIMCh B CTAHAAPTHOM BHUJIC IOpasgo KOMIIAKTHEC, YCM B OOBIYHOM.

AJITOPUTM NepeBoia YNCJIa B CTAHAAPTHBIA BH/

1. TlepenBUHYTHh NECATUYHYIO 3aIATYIO TaK, YTOOBI OHA CTOSIIA IOCJE MEPBOM
3Havamed 1mudpsl yucia. Hymu, crosmuye BIepeaw 3HAYAUX HHPP |
103311 HUX OTOPOCUTD.

2. TlocuuTaTh Ha CKOJBKO Pa3psa0B IEPEABUHYIIACH 3amaTas (3TO M OyACT YHCIIO

n)

3. Ompenenuth HapaBlIEHNUE CABUTA 3aISATON
(31O OyAeT 3HaK YKcia N: BIEBO — N MOJOXKUTEIBHOE,
BIIPABO — N OTPUIIATENIBHOE).

n
4, I[OHPIC&TB K ITOJIYUYCHHOM 3allMCHU MHOXXUTCIIb 10 .

Ipumep.
3anmcaTh uncio B cTagaapTHoM Buze. a) —2 180 000  6) 0,00281
Pemienue.

a) —2180000 =-2,18-10°

[lepBas 3Hauvamas uudpa 2, MO3TOMY NEPEIBUraeM 3amsATyI0 Ha 6 MO3ULUN BJIIEBO.
Te.n=6

6) 0,00396 = 3,96-10°

[lepBas 3navamas mudpa 3, MoITOMY MEepeIBUracM 3amsaTyI0 Ha 3 MO3UIIMN BIPABO.
T.e.n=-3

Ortger.

a) —2180000=-2,18-10° 4) 0,00396 = 3,96-10°°

JedcTBHS C YMCJIAMHU B CTAHAAPTHOM BHU/IE

1. CinosxeHue U BLIYUTAHHE.
MPY CIIOKECHUU W BBIYUTAHWUU CTAHAAPTHBIX 4YMCEN TOKa3zarenu crerneHerd 10
BBIPABHUBAIOTCSI.
Ipumep 4,5-10°+2,1-10°=0,45-10° +2,1-10°= (0,45 + 2,1) -10° = 2,55 -10°

2. YMHOKEHHE (a -10" )(b -10" ) = (a . b) .10™™
[pumep 3,75-10°0,4-10° =(3,75-0,4)-10°* =1,5-10"

10


https://ru.wikipedia.org/w/index.php?title=%D0%A1%D1%82%D0%B0%D1%82%D0%BE%D0%BC&action=edit&redlink=1

a-10" a , ..
3. Jlenenne 10" b 10

46-10° 46
IT 45-10° 346 1936 _184.10°
PIMED 5 290 ~ 25
[Ipumep
HpOI/IBBeCTH HeﬁCTBHH C YyucJiaMiu B CTaHI[apTHOM BUJIC:
-2
1 1%078 ]:_L: 0= (npusedem uucna k cmandapmmuomy 6uoy) =
1) 8.102.10° 8.10°22 8.10°*

= = = = — — = —=125-10"""9 =1,25.10°
4.107-1,6-10-10* (4-1,6)-107-10-10* 6,4-10

Bomnpocs! 115 3aKpenuieHnsi MaTepuaJjia

KakoBbI MpUYMHBI BOSHUKHOBEHUS ITOTPEITHOCTEN?

Yrto Ha3bIBAIOT a0COMIOTHOM MOrPEIIHOCTHIO MPUOIMKEHHOTO Yucia?

YT0 Ha3BIBAIOT OTHOCUTENBHON MOTPEUTHOCTHIO NPUOIMKEHHOTO Yncia?

UTo XapakTepHu3yeT OTHOCUTENIbHAS IOIPEIIHOCTh?

KakoBbl ipaBuiia OKpyTriaeHUs 1ECATUUHBIX IpOOeit?

[To kakuM IpaBUIIaM BBITIOJIHSIOTCS CJI0KEHUE U BHIYMTAHNUE MPUOIMKEHHBIX

qucen 0e3 nojcueTa NorpemHocTen?

Kak 3anmceiBaeTcs 4ucio B CTaHAApTHOM BHJIE?

8. Ilo xakuM mpaBuiiaM BBITOJHSIOTCS CJIOKEHUE U BBIYUTAHUE YHCEIT B
CTaHJApPTHOM BHJE?

9. Ilo xakuM TpaBHUJIaM BBITTOTHSIOTCS YMHOKEHHUE U JICJICHUE YHCEl B

CTaHJApTHOM BHJE?

SohkwdE

~

11



Tema 1.2. KoMmiekcHbIe YHCJIA
Onpedeﬂeﬂue KOMNJIEKCHO20 HYucia. ﬂeﬁcmeumeﬂbﬂa}l U MHUMAA 4acmeo. Feomempu'{eCKaﬂ
uHmepnpemaL;uﬂ. Aﬂze6pauquKa;z, mpueonomempuqecmm U nokaszamejibHas qbopma 3anucu yucaa.
Mooynv u apeymenmol komniekcrhoco wucaa. Ilepexoo uz 00HolU popmul 3anuc KOMNIEKCHbIX Yucel 8
opyeyio. Apugpmemuyeckue onepayuu Ha0 KOMIIEKCHbIMU Yuciamu. Bozsedenue 6 cmenerw.

AJreopanueckass popmMa KOMIJIEKCHOT0 YHUCJIA
> .
Hepaspemmmocts ypaBaenus X+ 1 = 0 na MHOXKecTBe NeHCTBUTENBHBIX YUCEI

IpuBea K BBEJICHHMIO B MAaTEMATHKy TaK Ha3biBacMoii MHuMo# exmuuubl | | T.e.
MHHUMOTO (IPUIYMAHHOTO) YKciia, 00J1a1al0IIero CBOMCTBOM:

=2
1© = -1
Torna X2 + 1 = 0 umeer nBa pemenus: X, = I, X, = -,

Yuciaa, BUOA bi , rae b € R HazpBaror MEMMBIME YHCIaMM.

Hanpumep, 41, —3i, 045, J2i, urn

Yucna, Buaa a+bi ,Tae 4, b € R wassmaior koMmIeKCHBIME YHCTAMY.

Hanpumep, 5+ 41, 7-3i, 25+45i, —2—\/§i, U T.I0.

Kommuiekcroe uncio : £ — A + bl ,
rmie & u b — neiicrBuTennHbIe uncna, | — MEUMAas eqUHUIIA.

dopma 3amicu Z = a + DI HaspBaeTCs anredpanyecKoi.
d — neiictBuTenpHas yacTh: Re(z) DI — mHuMas gacts: Im(2)

Takas 3anuch MO3BOJIST 3alIMChIBATh HE TOJBbKO KOMILJICKCHBIC qucia, HO U «4Yucmo
MHUMBLE» T KYUCTNO OeLCMEUMEIbHbLEY

Hanpumep: 5=5+01 um 4i=0+4i

Bo MHOXeCTBE KOMIUIEKCHBIX 4YHCEJI HET HOHITHH «OOJIbIIEY,

«IIOJIOKHUTCIIBHOC) , KOTPHULATCIIBHOC)).

«MEHBIIIEY,

Yucna z, =a, +bi wu z, =a, +b,i naseBarorcs paBubIiMu, ecin a, =a, u b, =b,

Yucna Z=8+Dl u —z =—a—Dbi nassisarorcs nporuBononokHbIME

UYpcma Z=a+bi u z=a-bi mnaswmaroTca CONPSI3KEHHbIMH.
Hanpumep
KommnuiekcHoe uncsio PaBHoe IIporuBomOJIOKHOE ConpsixeHHoe
z z -Z S
Z
8+5i 8+5i —8-5i 8-5i
2-4i 2-4i —2+4i 2+4i
—6+0,9i —6+0,9 6-0,9i —-6-0,9i
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Apudmernyeckne onepannuu HaJl KOMILIEKCHbIMHM YHCJIAMH
B ajiredOpanyeckoii ¢gopme

Cymma Z, +72, = (ai + bll) +(3~2 + bzi) = (ai +8.2) + (b1 + bz)i
Paznocrs 2y — 2 = (al + bll) - (az + bzi) = (31 _az) + (b1 - bz)i
TMpoussenenne Z; - Z, = (8, +bji)-(a, +b,i) =(a,a, —bb,) +(ab, +ab)i

Zy _ 2, - 2, (uucnuTens U 3HAMEHATEIb YMHOXKAIOT Ha YMCIIO,

llesienne

zZ, , 2, COIPSDKEHHOE 3HaMEHATesro, YTOObl H30aBUTHCS
OT KOMIUIEKCHOI'O YUCJIa B 3HAMEHATEIIE)

IIpumep JlaHbl 1Ba KOMIUICKCHBIX YMclIa Z; = 4451 y Z, = 6-9i.

Haittw 2, +2, , 2,—-2, , 2,2, , 2,12,
1) 2, +2,=(4+51)+(6—-9)=4+6+5 -9 =10—4i (MoxHO TPOCTO
PACKPBITh CKOOKH U CJI0KUTh OT/AEIBHO JEHCTBUTEIBHYIO U MHUMYIO YacTh)
2) 2, —2,=(4+5i)—(6—-9i)=4—6+5 +9i =—2+14i (MoxHO mpOCTO

PAaCKpPLITh CKOOKH U BHIUECTH OTACJIBHO I[eflCTBI/ITeJIBHyIO 1 MHUMYIO ‘—IaCTB)
3) z, -2, =(4+5i)-(6—9i)= 24— 36i +30i — 45i° =
= 24— 6i —45-(—1) = 24 —6i + 45 = 69 —6i

(MOXXHO TIPOCTO PACKPBITh CKOOKH W CJIOXHTHh OTISIBHO JICHCTBHUTEIBHYIO M

MHHUMYIO 4YaCThb, HO YUUTBIBAs, UTO i? = —l)
4)
2, 7,-7, (4+5i)-(6+9i) 24+36i+30i+451° 24+66i+45 (-1)
z, 2,-z, (6-9i)-(6+9i) 36 — 81 - 36-81-(-1)
24+66i-45_-21+66i __ 21 66

36 +81 117 117 117

(‘II/ICJII/ITCJ'IB M 3HAMCHATCJIb YMHOXKA€M Ha YHUCJIO, COIIPAKCHHOC 3HAMCHATCIIIO0, T.C.

Ha Z=6+91 4ro6BI M30aBUTHCA OT KOMIUIEKCHOTO YKCJIa B 3HAMECHATETIE)

KoMmiexkcHas mj0CKOCTbD.
I'eomeTpuyeckass MHTEPNpPETALNA KOMILUIEKCHBIX YHCEJI

[1;T0CKOCTh HA3bIBAETCS KOMILJIEKCHOM, €CIU KaXIOMYy KOMIUJIEKCHOMY YHUCITY
Z=X+1y cTaBUTCA B COOTBETCTBHE TOUYKHU IJIOCKOCTH ¢ KoopauHartamu Z(X,Y),
MIPUYEM, 3TO COOTBETCTBHE B3aUMHO-0/ITHO3HAYHOE.
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Och OX Ha3bIBaeTcsi JAeMCTBUTEJIBHOM OCBHIO, T. K. Ha HEW pPaCHOI0XKEHBI

TOYKH, COOTBETCTBYIOLIIME YUCIIAM, Y KOTOpbIX Y =0.

Ocb OY Ha3pIBa€TCSI MHHMMOM OCbIO, T. K. Ha HEH pPacroJiOKEHbl TOYKH,

COOTBETCTBYIOIKME YKCIaM, y KoTopeix X =0,

Taxkum o6pasom, moboe KoMmIuekcHoe uucio Z =a+ bl moxHo M300pasuTh Ha

MJIOCKOCTH TOYKOM C KOOpAUHATAMHU (a, b), MPUYEM B3aUMHO OJHO3HAYHO.

C xaxaol TOukoi z(X,Y) KOMIUIEKCHOHM IJIOCKOCTU CBSI3aH paouyc-6eKmop 3TOU

3 4

TOYKH.
A
z(x,
y (X, ¥) y
0 T %
Hanpuwmep.

o
v

Jnuaa I BekTOpa, COOTBETCTBYIOILIETO
KOMITZIEKCHOMY YHCITy Z Ha3bIBaeTCs MOAYJIeM
KOMILIEKCHOTO uicna £ u 0603HauaeTcs |Z| .

Yron ¢ , oOpa3oBaHHBIH paaunyc-
BEKTOPOM C TIOJIOKUTEJILHBIM HAlpaBJICHUEM
ocu OX | HaspiBaeTcs  apryMeHTOM

KOMIIJICKCHOT'O 4YHuCJia Z u o0o3HagaeTcs
argz.

p=argz e|—7, 7| wm
p=argz e |-180°%180°|

(%)

PaccmartpuBas Ha uepTexe BbIICICHHBIN TPEYTOJIbHUK, OJy4aeM COOTHOUICHUS:

==y

X : y
COSp=—  sinp==
r r

14
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Ipumep: 3agaHo KoMiiekcHoe uucno Z=1—1 . Haiitu ‘Z‘ nu argz.

Peienue. y
i A
z=1—i, 3paunr, X=1 y=-1;

r=|7=yx*+y? =1 +(-1f =+/2; )
1

3 >
COS¢=§=% O™
s p=-2 = 45 SN
: y 1 4 -
sinp=2=——
r 2

3HaueHHe apryMeHTa HaXOAMM U3 TaOJMIbl TPUTOHOMETPUUECKUX (YHKIUH,
HAXO/Is COOTBETCTBYIOIIEE 3HAUYCHUE KOCUHYCA U CUHYCA, T.€. 110 TaOJIMIIE CMOTPUM,

1 .
npu KakoM yrie (aprymente) COS@ = N sing = — 2
T
OTBeT: r:\/i; (0:—2.

Tpuromomerpunueckast bopMa KOMIJIECKCHOT0 YHCJIA

3aMeHuB B anrebpanueckoii Gpopme 3anucu KoMmekcHoro uucia £ = X + Yl
y=r-sing . nonxyunm:

X u Y  coorHomenusmu X =1I-COS@
Z=X+Yi=r-cosp+r-sing-i=r(cosp+i-sing) , Te.
TPUTOHOMETPHYECKYIO (POPMY 3aIIUCH KOMILJIEKCHOTO YHCIIA.

Tpuronomerpuueckasi popma: £ = I"(COS(D +1-sin (D)

JeiicTBUSI HAl KOMILVIEKCHBIMM YHCJIAMU, 32IaHHBIMHA B TPUTOHOMETPUYECKOM
dopme.

YMHoOKeHne 2,-2, =1, - K, (cos(g, + @, )+i-sin(g, +¢,))
2,-7, =1, (cos g, +i-sing,)-r,(cosp, +i-sing,)=

= I‘Z(COS(pl-COS(pZ +COS @, -i-Sing, +i-sing, -cosg, +i”-sin g, -sin gz)z):
=1, - 1,(cos ¢, - cos @, —sin @, -sin @, +i(cos g, -sin g, +sin g, -cos p, )) =

=1, -1,(cos(¢, + ) +isin(g, + 9,))

4 _ 5 (cos(p, -, ) +i-sin(p, — 0, )

1
lesenue
Z, L

[y

n n : H
Bo3Benenue B cTeneHb Z =TI (COS n @ +1-sINnN (0) (popmyna Myaepa)
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Iloka3zaTeabHass popMa KOMILIEKCHOT0 YHUCJIA

B 1740 rony Jleonapm Oiiep omyOiaukoBan  (Gopmysy, CBS3BIBAIOILYIO
KOMILJIEKCHYO AKCIIOHEHTY C TPUTOHOMETPUUECKUMU bYyHKUUSIMU:

ip HPN-
€7 =COS@+ISINQ  _ popuyna Diinepa.
TakuM 00pa3oM, €Clid KOMIUIEKCHOE YHCIIO 3aJaHO B TPUTOHOMETPHYCCKOM
bopme £ = I’(COS§0+I -SIN (0) , TO Ha OCHOBaHWH (GOpMyIsl Jiiiepa,

BBIPpAKCHHUC B CKOOKaX MOXKHO 3aMEHUTh Ha IIOKa3aTehbHOE BBIPAKCHHUC. B
PE3YIbTATC IOJTYUUM ITIOKA3aTCIIbHYTO q)OpMy KOMIIJICKCHOI'O YHCJIa:

— lp
Iloxa3areabnasn gopma: L=TI-€

JleMCTBUS HA/I KOMIUIEKCHBIMHU YUCJIAMM, 32JaHHBIMHU B IOKA3aTeJIbHOM
dhopme

Z,=r-e% , z,=r,-e"

— i(@+o

YMHOKEeHHe Z,-Z, =0T, -¢€ (1 +02)
i — iei(ﬁﬁl—(ﬁz)

Jlenenne 22 I"2

n__ .n ing
Bo3Benenne B creneHb (Z) =I -€

Auredopanyeckasi popma y100Ha Npy CI0KEHUU U BHIYUTAHUH,

Iloka3aTesbHass M TpUroHomMeTrpuyeckass QopMa ygoOHa MNpU YMHOMXKEHUH,
JEJICHNHN, BO3BEJICHUH B CTECIICHb;

Ipumep. [TepeBecTy B TPUTOHOMETPHUECKYIO M ITOKA3aTEIBHYIO (POPMY KOMILI.
YUCII0 Z = \/é +1.

Pemenue. YV Hac uncio 3a1aHo B anreOpandeckoil poopme, 3HaUUT, YTOOBI
NEPEBECTU €r0 B TPUTOHOMETPUUECKYIO WIIM MTOKA3aTeNbHYI0, HYKHO Haitu I u @

z=~/3+i, snauur, X =A/3, y=1;
r=lz]=yx*+y? :\/(\@)2+12 —/3+1=+4=2.
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COS @ =
>:>¢=%=300

sing =

=< = |x

Takxum oOpa3om, TpuroHoMmeTpuyeckas Gopma JaHHOTO KOMIUIEKCHOTO YHCIIa

JIMECT BH: z=r(cos<o+|-sm(p)=2[cos€+|-smgj_

i z
Tokazatenshas Gopma umeer pux; Z=1-€7 =2-e°

Orser. Z =2(cos%+i -sin%j, Z :2.e€'

Ilpumep. /lansl 1Ba KOMIIIEKCHBIX uncna Z; u Z,,
Haiitu 4, - £, , £ / Z, B TPUrOHOMETPUYECKON M IIOKA3aTENLHOM
dbopme
7, = 4(cos150° +i -sin150° ) Z, = %(005900 +i-sin90°)

Peuienue.

U3 3anucy yncen umeem: L =4, I, = oy P = 150°, ¢, =90°.

JIeCTBHUSA B TPUTOHOMETPHUYECKON (hopME:
L, =1 rz(COS(§01 +§D2)+ i ’Sin(¢1 + (02)):

1 0 0 . : 0 0 0 : : 0
=4. E(cos(15o +90°)+i-sin(150° + 90°)) = 2(cos 240° + i -sin 240°)

—L = L(cos(p, -, )+i-sin(p, -, ) =
z, T,

=4: %(003(1500 ~90°)+i-sin(150° —90° )= 8(cos60° +i-sin60° )

JlelicTBUSA B ITOKa3aTeabpHOM (dopMe:

3anumieM uncia Zq M Zp B IOKa3aTelbHOU popMme:
1 g0
_ pail50 7, =—g"

. 1 . |
Z,- L, =01, el(¢1+¢2) =4. E . e|(1500+900) = 29‘24(9

17



ZZ IF2
Kak BUIHO U3 MpUMEpOB, MOKa3aTelbHas (popMa yIpoLaeT 3aluch BBIYUCICHUN H
oopmiieHne penieHus eiaeT 0ojiee KOMITAKTHBIM.

Z _ iei((pl—gpz) _4- Eei(150°—900) _ 8ei60°

.\
IIpumep. Brprunciurs (\/_ 2 I)1 :
Pemenue. 3anuiieM JaHHOE KOMIUIEKCHOE YMCIIO B MTOKa3aTeIbHON (opMe.

Z—\/_ \/_I 3HAQUUT, X = \/_ y——J_
X* +y? \/( )Z ( \/E)zzx/2+2:\/2=2;
V2

COS(D: 7 T
s> p=—"=—45°
_ 2 4

2

Takum 00pazom, nokaszarenbHas GopMa JaHHOTO KOMILJIEKCHOTO YUCJIa UMEET BUJL:

sing =

=< = |x

z=re"’ = Ze{_zj .

i[—”-lo)

0 _ ,104i10p _ ~l0 4

Berumcrim £ =1€ =2€

[lepeBenem nosydeHHBIN pe3ynbTat B anredpandeckyto popmy X +1Y . [l atoro
3aIMIIeM YUCIIO B TPUTOHOMETPUUECKOM (popMe | MOJCTaBUM 3HAUYCHUS CUHYCA U

KOCHHYCa.

(5=
1024e ) 1024 cos[— %) +i -sin(— %} =1024(0+i-(-1)) = —1024i .

Omer: (V2 —2i " =-1024i

Bomnpocs! 115 3aKpenJieHusi MmaTepuaJjia

YT0 HA3BIBAIOT MHUMOMN €IUHUIIECH?

Kakas popma 3anucu KOMITJIEKCHOTO YMCIIa Ha3bIBAETCS alredpanyeckon?
UYto Takoe IeHCTBUTEIbHAS YacTh?

Yto Takoe MHMMAas 4acTh?

Kakue koMIJIeKCHBIE Ynclia Ha3bIBAIOTCSl PaBHBIMU?

Kakue KoMIIJIeKCHbIE Yhclia Ha3bIBAIOTCS MPOTHUBOMOJIOKHBIMU?

Kakue koMIJIeKCHBIE Yncila Ha3bIBAIOTCS COMPSKEHHBIMU?

Kak BBITIOTHSAIOTCS CIOKEHNE U BEBIYMTAHUE KOMIUIEKCHBIX YHCEN B
anredpanyeckoit popme?

9. Kax BbITIOJTHSIETCSI YMHOKEHUE KOMITJIEKCHBIX YHCeN B airedpandeckon popme?
10.Kaxk BwInoJHAETCS ACICHUE KOMIUIEKCHBIX YMCcell B alireopandeckon popme?

Nk wdE
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11.YT0 Ha3BIBAIOT MOJyJIEM KOMIUIEKCHOTO YHciia?

12.YT0 Ha3bIBAIOT aQpTyMEHTOM KOMILUIEKCHOTO uncia?

13. Io kakum popmysiaMm HaXOIATCSI MOYJIb M APTYMEHT KOMILIEKCHOTO yncia?

14 . Kak nmepeBecTH KOMIUIEKCHOE YHCII0 U3 aredpandeckoi popme B
TPUTOHOMETPHUYECKYIO U TIOKa3aTEeIbHYIO U 00paTHO?

15.Kax BBITTOTHSIOTCS YMHOXKCHHAE W JCIICHHE KOMIUICKCHBIX YUCEN B
TPUTOHOMETPHUYECKON U TIOKa3aTeIbHOM popme?

16.Kak BBITIOJTHSETCS BO3BEACHHE B CTENIEHh KOMIUIEKCHBIX YHCEI B
TPUTOHOMETPHUYECKOH | MmoKazarenbHou hopme?
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PA3JIEJ 2. MATEMATUYECKHWIA AHAJIN3

Tema 2.1. ®DyHKUMM OXHON He3aBUCUMOU nepeMeHHOU. OCHOBHBIE

3jieMeHTAPHbIe PYHKIMHU
Apeymenm u ghynxyus. Obaacmo onpedenenus u oonacme 3navenuil gyuxkyuu. Cnocoodwl 3a0anus
@yHKryuu.: mabauynsll, epagduieckull, anarumudeckul, ciosecuvii. Ceoticmea yHKyuu:
YemHOCMb, HeYeMmHOCMb, NePUOOUYHOCTb, MOHOMOHHOCYb, o2panuideHHocms. OCHO8Hble
a/leMenmapHvle YHKYUU, UX CGOUCMBEA U SPpAduKuU.

IlepemenHass Yy Ha3piBacTCcs (QPYHKUOUEH MEPEMEHHOM X, €CIH  KaXIOMY
JOIyCTUMOMY 3HAQYEHHUIO X COOTBETCTBYET EIWHCTBEHHOE 3HA4YCHUE Y.

CUMBOJIMYECKH TO, YTO y ecTh (yHKIHS OT x 3amuceiBaetcs: Y = f(X), rme x—
HEe3aBUCHMAs TIEpEMCHHas (apryMeHT (yHKIUH), Y— 3aBUCHMAas TIEPEMCHHAas
(3Hauenue GyHKINN)

®dyHKIHS MOXKeT OBITh 3aJlaHa CIIOBECTHO, TaOJUICH, rpaduKOM, aHATUTHYCCKH
(opmyioii)
ObaacTeio onpenesenusi ¢yHkmuu Yy = f(X) HaspIBacTcI MHOXECTBO BCeX

JCHCTBUTENIBHBIX ~ 3HAYCHUH X, JUIA KOTOPBIX (PYHKIUSA MOXKET HMETh
neiicrButenbHoe 3HaueHue. O6o3nauyaercs D(f) (ot anr.define - onpenensrs)

MHuoxecTBoM 3HaudeHmii ¢ynkoum Yy = f(X) Ha3plBaecTcs MHOXECTBO BceX
JICHCTBUTEIIBHBIX 3HAYCHUH Y, KOTOpPBIE OHA MOXeT npuHuMaTh. O6o3HadaeTcst E(
f) (ot anrm.exist - cymecTBoBaHHUE)

CpoiicTBa GyHKIIN

OyHKIMSA Y HA3bIBAE€TCSI Y€THOM, €CIIH JIJIs1 JTIOOBIX 0
3HAYEHUN X U3 00JIaCTH ONpeeNieHUs], MPU U3MEHEHUHU
3HAKa X Ha MPOTUBOIOJIOKHBIA 3HAYCHUE Y HE U3MEHUTCS.

y(=x) =y(x).

T.C. JId X, CAMMETPUYHBIX OTHOCUTCIIBHO HYJIA, Y 6YI[CT

OJMHAaKOBBIM.

['padux yeTHOM HYyHKIIMH CUMMETpUYEH OTHOCUTENTHHO ocu OY

DyHKIKA Y HA3BIBACTCSA HEYETHOM, €CIIM IS JIIOOBIX 3HAYeHMA y
X u3 o0nacTu omnpeneneHus, NpyU U3MEHEHHM 3HaKa X Ha /\

IIPOTUBOIIOJIOKHBIN, 3HAYCHUE Y HU3MEHHUTCA TOJIBKO IIO —x 9] \J i

3HaKYy. Y S

y(=x) =-y(x).

['padux HEeweTHON DYHKIIMHM CUMMETPUYEH OTHOCUTEIHLHO Havajga KOOPAUHAT.

20



@Oyukuus o0mero Buaa— GyHKIUs, KOTOpasi HE SBISICTCS] HU Y€THOM, HU
HEYETHOMU.

['paduku >Tux QyHKUIMN TUO0 HE UMEIOT CUMMETPHIO, TUO0 OCh OY HE SBISETCS
OCBI0 CHMMETPHH, @ Ha4aJ0 KOOPJAMHAT LIEHTPOM CUMMETPHH.

OyHKIMS NEPHOAMYHA, €CIM €CTh TaKOE MOJOXHTENbHOE umcio T, 49To
y(x+T)=y(X). TI'papux nepuomuuHoii (GYHKIMH COCTOMT H3 OECKOHEYHO
TIOBTOPSIOIIMXCS OIMHAKOBBIX ()ParMEHTOB

A |
SRVARY SRV R

®ynkius Y = f(X) Ha3piBacTCs Bo3pacTaromieii GpyHKiuei
Ha oTpe3ke [a, b], ecnu s 00bIX x U3 [a, b] mpu
X1 < X, BBITIOJIHSETCSI HEPABEHCTBO Y1 < Vs

@Oynkmus Y = f(X) HaswpiBaeTcs yobIiBawomeid  QyHKIuei
Ha oTpe3ke  [a, b], ecau mas moObIX x U3 [a, b] mpu X <X»,

BBITIOJIHSIETCSI HEPABEHCTBO Y1 = V>

o] x, x,\

Bo3spacraromue wunu yObiBaromue (GYHKIMA Ha3bIBAIOTCS MOHOTOHHBIMHM, A
MPOMEKYTKH, Ha KOTOPBIX (PYHKITMSI BO3PACTAET WM YOBIBAET, — MPOMEKYTKAMH
MOHOTOHHOCTH.

®Oynkius Yy = f(X) Ha3bpiBaeTCS OrpaHMYeHHON CHM3Y, €CIU Ui Jr000ro X u3
obactu onpezencHus QyHKIUK BbITOIHsIeTCs yeinoBue f(X) > a, rae a — HekoTopoe
YHCIIO.

['padux orpanndeHHON CHU3Y (QYHKIIMH JICKUT MOTHOCTHIO HAJ MPAMON Y = a

®Oynkius Y = f(X) Ha3pIBaeTCS OrpaHHYEHHO CBepXy, €ClU A JH00ro X w3
obnacTu onpezencHus GyHKIMK BhimoHsercs yenosue f(X) < a, rae a — HekoTopoe
YUCJIO.

['paduix orpanndeHHON cBepXy (QYHKIMH JICKUT MOJHOCTHIO MO MPSAMON Y = a
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A
A

OrparddCcHa CHA3Y

OrpaHuntcHa CBCPXY

1.y=Db

Orpanndennas

OcHOBHBIE dJIeMeHTAPHbIe DVHKIIHN

Iocrosinnas. ['paduk: mpsamas, mapamiensHas ocu OX.

2.y = Kx+b Ipsimas. Tpadux: npsmas

3.y =x"

y=Xx"

Crenennas ¢pynkums. 'paduk: mapaboina, eciu n>0

runep6ona, ecau N<0.

NI

n>0

y=x"

n>0

y=x"

YCTHOC
neioec

HCYCTHOC
11 (S ()]

n <0
YEeTHOE
nesuoe

y=X"

n <o
HEYEeTHOE
1eoe

y =¥x
n>0

YCTHOC
CJI0€

y =%/x
n>0

HECYCTHOC
eioe

.Y = ax, a>0,a=1 Iloka3zareabHas pynkuus. ['paduk: sxcrioneHTa
— X _ AX
y=a a>1 y=a O<axl
YA \ ¥
1
—— I
— »
X | x

4.y = |OgaX, a>0,a#= 1 Jlorapudpmuueckas pynkums. ['paduk: sorapudmrika
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a>1

y =log, x

O<ax<l

y =log, x
Y
e,|/1/’x

y

.

0] 1\:;

5. ¥ = sSinx, Y = COSX Tpuronomerpuueckue (QyHKIUU CUHYC M KOCHHYC.
['paduk: cuHyconaa 1 KOCUHYCOUIA.

]

y=cosx
/x

N3

=1,

T 3n 2n
2

6. Y = 10X, Y = ctgX Tpuronomerpuueckue QyHKIMH TAHTEHC U KOTAHTEHC,
I'paduk: TaHrecou1a 1 KOTAHTECOMIA.

y =1gX y = Ctgx
y=tax|. o | : : ¥ |y =ctgx
| | | | | | |
| | | | | | |
| | | | | | |
| | | | | | |

I | | | X | | | X
_8nl-n/ ' flo 'z /rn ~m! _ I O E\ ™' 3n\2r!
zl 2I I2 | | 2 2 | ? |
| | | | | | |
| | | | | | |
| | | | | | |
| | | | | | |

Ipumep. Ycranosuts no cpaguxy pynkuuu Y=f(X) ee xapaxmepnuie

ceolicmaed.
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N =

D(f) = [-5; 5] (obnacTh onpenencHus).
E(f) = [-2; 4] (obnacTh 3HaYCHUH).

. Toukm InepeccUCHUs € OCAMU  KOOpJAUHAT

c ocvio OX: (-4;0); (-2;0); (0;0); (2;0); (4;0)
¢ ocwvio OY: (0;0)
ITpOMEKYTKM 3HAKOIIOCTOSIHCTBA  (DYHKIMH
y>0 npu xe(-4-2)U(0;2)U(45)
y<0 npu xe (— 5;—4)U (— 2;O)U (2;4)

. IlpomexxyTku Bo3pacTaHusa U yObIBaHUS (QYHKIUU.

y~7 mpu xe(-5-3)U(-11)U(35)
Yy mpu xe(-3-1)U(L3)

Touku 3KcTpeMymMa

Xmax = -3 Xmax = 1

Xmin = -1 Xmin = 3

DKCTPEMYMBI
Ymax = 3 Ymax = 1
Ymin = -2 Ymin = -1

. UeTHOCTh, HEYETHOCTb.

DyHKyus 0bwe2o 8U0a, m.e. He A6IAeMcs HU YeMHOU, HU HeYemHOl.

Bonpocs! 115 3aKpenJieHus MaTepuaJia

1. Yrto Ha3bIBAIOT 00JIACTHIO ONpeeaeHus] GyHKIUN?

2. Uto Ha3bIBaIOT 00JIACTHIO 3HAYCHUS (PYHKITUN?

3. Kakue pynkium HazpiBatoT yeTHBIMHU? Kakrie 0COOEHHOCTH y UX TpadukoB?

4. Kakue QpyHKIIMU HA3bIBAIOT HeUeTHhIMU? Kakue 0coOOeHHOCTH Y X TpauKoB?

5. Kakue ¢pyHkiuu Ha3pIBaOT GyHKIUSAMU 00111er0 BUaa? Kakue 0cOOEHHOCTH Yy
uX rpaduxoB?

6. Kakue Qpynkunu HaszpiBaroT nepuoandHbiMu? Yto Takoe nepuos GpyHkmmun?

7. UYrto 3HauuT, 4TO (DYHKILIHS BO3PACTAET HA TPOMEKYTKE?

8. Uro 3HauMT, 9TO PYHKIHS YOBIBAET HA MMPOMEKYTKE?

9. Yro 3HAUMT, 9TO PYHKIHS OTpaHUYCHA CBEPXY Ha MpoMexyTke? Kak BeIrasiaut
ee rpaduk?

10.Yrto 3Ha4uT, 4TO (PYHKIMS OTpaHUYEHA CHU3Y Ha mpoMexyTke? Kak BBITISIUT
ee rpaduk?
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Tema 2.2. [Ipeaes u HenpepbIBHOCTH
Yucnosas nociedosamenvrocms u ee npeoei. Ilpeden ¢hynkyuu na beckoHeuHocmu u 8 mouxe.
OcnosHuvle meopembl 0 npedenax. Ilepauvlii u 6mopoti 3ameuamenvHvle npeoebl.
Henpepuvignocms pynxyuu 6 mouke u Ha npomesicymie. Touxku paspuléa nepeozo u 6mopoco
pooa.

YucJ10BbIE MOCTIEN0BATEILHOCTH

Onpeneaenne. DPynkiums HaTypaabHOro aprymenta I, saganHas Ha MHOXKeCTBE
N , mHaseiBaeTcs OG€CKOHEYHOW YHCJIOBOH IOCIEA0BATEILHOCTHIO U
0603HauaeTcs {a, }.

OOBIYHO YHCIIOBas TMOCIEAOBATEIBHOCTh 3aJaeTCsl HEKOTOpoH  (hopmyroi:

a_ = f(n)
rne N — HOMEDP WIEHA MOCIEA0BATEIbHOCTH

f(n) - dbopmya o01Iero ieHa nocyie0BaTeIbHOCTH.
Hpumep:

1. HOCJ’IGI[OB&TGJIBHOCTB CaMUX HAaTypaJbHBIX YHUCCII an =N
{a,}=1,2,3,4,56,7,89, ...,n,...)
a, =1 a,=3 a,=101

2. IlocnenoBaTenbHOCTh KBAAPATOB HATYpPaIbHBIX YHUCENT |, =N

{an}:{l, 4,9,16, 25,36, 49, 64,81, ...,n%, .. }
a,=1 a,=25 a,=81

Ilpenea pvaxkumun

[Tycts pyuknus Y = f(X) sanana B HEKOTOPOIl OKPECTHOCTH TOUKH X0 .

OmnpeneseHue. Ipenenom o¢yakmm Y = f(X) naseiBaeres wmeno A

KOTOPOMY HEOTPaHUYEHHO MPUOIKaeTcs 3HaueHue (YHKIHMH, B TO BpeMs, Kak

3Ha4YeHHE apTyMEHTa HEOTPAHMYEHHO IpuoImkaercs K T. Xo

lim f(x)=A

B cuMBosmueckoi 3anucu X—>Xq

Teopema 1 (enuHcTBeHHOCTH) DYHKIINSA HE MOKET UMETh 00Jiee OHOTO Mpeea.

Oyukuusa Y = f (X) nassiBaercs Geckoneuno maJoii (0.m.) B T. X=X, ecut mpu

lim f(x) =0

X—Xg

X —> Xy QyHKIMS HEOrpaHUYIEHHO TPUOJIMKAETCS K HYJIIO. T.€.
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X
IMpumep: Oy y= 2 ABJISIETCS OeCKOHeYHOo Majoii mpu X —> —00, T,

lim2*=0

X—> — 00
Oyuxuus Y = T (X) nassiaercs Geckoneuno Goubmoii (6.6.) B . X = X, ecn
npu X —> Xy (QyHKIUS HEOrPAaHMYEHHO BO3DPACTAET WM HEOIPAHUYEHHO yOBIBAaET

lim f(X) =00

X—Xg

T.C.

Mpumep: Oyuxuus Y = X ABJIAETCS OECKOHEYHO Oonbmioi mpu X —> 00,

X—»00

Teopema 2 Eciu ¢yskius Y = f(X) npu X —> Xy sBisercs 6.m., TO GYHKIUA

1

y= f( ) ABJISICTCS 0.0. IpU X —> X,
recom MTE)=0 10 lm-—t =o

T X—>Xg ’ X—>Xg f(X)

Teopema 3 Ecmm dynkuua Y = f(x) npu X —> XgaBnsercsa 6.6., T0 QyHKIMSA
1
= X—>X
y () SIBIIACTCA 0.M. IPU 0,
lim  (x) = o lim———o

e ecmn T , o A0 f(x)

Teopema 4 Ilpenen cymmbl (pa3HOCTH) QYHKIHMMA paBeH cyMMe (Pa3HOCTH) MX MPEIEIIOB,
€CJIM TH TPEJIENbI CYIECTBYIOT.

lim (1 (x) £ g(x)) = lim 1 (x)+ lim g(x)

Teopema 5 Ilpenen mpousBeaeHust GyHKUMNA paBeH MPOU3BEICHUIO MX TMPEAEIIOB, €CIU
9TH MPEEIIbl CYHIECTBYIOT.

lim (f (x)-g(x)) = lim f(x)- lim g(x)
X—>Xg X—>Xg X=Xo
CaencrBue 1. ITocTOSHHBIN MHOXKUTENIb MOKHO BEIHOCHUTD 3a 3HAK Mpejena.
limc- f(x)=c- I|m f(x)

X—>Xp Xo

(T.K. mpenen NOCTOSIHHOTO YKCIia PAaBEH CAaMOMY 3TOMY YHUCHY, T.€. XII_[E] C=C)

CaenctBue 2. Ilpenen creneHu GyHKIIUU paBeH CTENICHU mpenesa GyHKIUU
lim " (x) =[lim f (x)]"
X—>Xg X—>Xg

Teopema 6 Ilpenen yacTHOro NBYX (PYyHKIMI paBEeH YaCTHOMY MX MPEIENIOB, €CIH 3TH
IIPEEIbl CYIIECTBYIOT U IIPEIET ICIUTEINS HE HOJIb.

lim f(x)
f(X) _ XX I O
M 900 fim ) WL
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Mpumep. Haiitu mpenen 1M —

-1 X°+X—4
Pemenue: [Ipy noACTaHOBKE TMPEACIBHOIO 3HAYCHUS apryMeHTa x=1 B
X —3

npeaenbHy0 (HYHKIIHIO N [Tonydaem uwmcio 1, 3T0 U €CTh 3HAYCHHE

+x—-4 "
x -3 _ 1-3 _-2_,

UCKOMOTo mpeaena; lim = =_Z_
P oLx? +x—4 1+1-4 -2

OtBet:1
n Haii me_3
puMep. aiitu mpepen 1M 4
Pemienue: [Ipy moaCTaHOBKE TMPEACIBHOIO 3HAYCHUS aprymeHra X=4 B

X—3
YUCIUTENh W 3HAMEHaTelb JIpolu =2 MOJIy4aeM B YMCIUTENEe 4ucio 1, a B
X_

3HaMmeHatesne yucio 0, 3HaYuT, B 3HaMeHaTes e HaXOAuTCsl (YHKIIUS, CTPEMSIIAsACS K
HyJI0, IpH X —> 4 | .. GeckoHeuHO Manast dbynkus. [lo Teopeme 2 momydaem,

. . X=3 4-3 /1
YTO JaHHBIA MpeJiesl paBeH 0ECKOHEYHOCTH: lim = =\7)=®

x4 x—4 4—4 \0
OrBer: OO |
ITPABHNJIO 1
0
LITO6I>I I/I36aBI/ITBCH OT HCOIIPCACICHHOCTHU 6 , pacCKiaadblBACM 4YHUCIUTCIIb H

3HAMEHAaTeNlb APOOM Ha MHOXKHUTEIH, MOJb3YACh OO0 (OopMyIaMH COKpPAIIEHHOTO
YMHOXEHUS, TM00 (HOpMYIION pa3ioKeHUsl KBaJApaTHOrO TPEX4JeHa Ha MHOXHUTEIU
(em. 6 [Ilpunoosicenuu). Tlocme 3TOrO COKpaliaeM OJWHAKOBBI MHOXHUTEIb
YHUCIUTEIIS U 3HAMEHATEJIs, TEM CaMbIM, H30aBIISASICh OT HEOIPEIEICHHOCTH.

x> —4
Mpumep. Haiitn mpenen  IM————
pumep peA x-2 X% 4+ X —6
Peuienue:
[TocIe MOACTaHOBKM TPEAEIBHOIO 3HaUeHUs X = 2 B MPEAETbHYIO (YHKIIUIO
X* —4 0
= —— = M0JYy4aeM HEONpeIeIECHHOCTb { — ).
x2+x—6 O ped 0
=2 X+2
Jlanee onsaTh mnoacTtaBiasieM X =< B NpeNeNbHYI0 (QYHKUUIO Y= ~e3 B
X +
nostyqaem uuciio. [Ipenen BeraucieH.
2
: xX° =4 0 . (X=2)x+2 . X+2 242
M ———=(—= zllm( )( )zllm = =0,8
x>2 x2 +x—6 \0/ >2(x—2)x+3) x>2x+3 2+3
Otger: 0,8 .
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ITPABHJIO 2

o0
YUtoObl U30aBUTBCA OT HCOIIPEACICHHOCTH <_> JACIINM  KaXJ0€ cJ1aracMoc

o0

YUCIIUTENSA U 3HAMEHATENsI HAa IIEPEMEHHYIO X B CAMOM CTapLIEd CTENEHU, B KaKOU
OHa BCTpeuaeTcs: JIpoou.

n Hai l 1—6X + 3x°
uMmep. aliTH TIpeIe -
pumep peaeit ><Ig>]ol+5x+2x3

Pemenue: Ilocae IMOACTAaHOBKH IIPCACIIBHOI'O 3HAYCHUSA X=0 g MpCcaAciIbHYIO

_1-6x+3x° o«
ymKimio Y =7~ ~— 5 NOIyUacM HEONPEAICIEHROCTS | ).

B naHHOM ciywae, crapmiasg CTENEHb IIEPEMEHHOM JTO X3 . Ilocie
BBITIOJTHEHUS JIEUCTBUUA CO CTEMEHSIMU IMOJTy4yaeM aireOpanyeckyro CyMMy 4ucel U
OeckoHeYHO MaibiXx QyHKIui. [Ipenen OeckoHeyHO Maioi (yHKuu mpu X —> 00
paBEH HYJII0, IPEJEIN KE YUCIIa PABEH TOMY YHUCITY.

1 6x+3x3 1 6+3
C1-6x+37° o\ @ 3@ . 3 2 0-0+3
I|m—3=<—>=llm s=lim T—5—= =15
X500 1+5X +2x o/ x50 15X ZL X500 * 0 9 0+0+2

X x: X x> X
Otser:1,5.

o0
[Ipy BBIUMCIEHUU NPEJIETIOB C HEONIPEAECIEHHOCTHIO <—> MO’KHO 3aMETHTh:
o0

B 3aBMCHMMOCTH OT TOTr0, TI¢ HAXOAUTCS CTapIlasi CTENEeHb, Mbl B UTOI'E NOJYYaeM

Yucno CCJIM CTapiuias CTCIICHb OJJMHAKOBA U B YUCJIMTCJIC U B 3BHAMCHATCIIC,
0 CCJIM CTapuiasd CTCIICHb HAXOJAUTCA B YUMCIIUTCIIC
0 CCJIM CTapIas CTCIICHb HAXOAUTCA B 3HAMCHATCIIC

3aMeane.m>Hble Hpez(e.mﬂ
sin X

1-i1 3aMeuaTeJbHbIH npeael lim——=1
x—0 X

CaencTBusi U3 NEPBOro 3aMevYaTeIbHOTO Mpeaesia

. tox i . arctgx

lim X _q lim &SN X _, lim 259X _ ¢

x=0 X ! x—0 X ! x—0 X !

) X . X . X . X
im——=1 lim—=1 lim———=1 lim————=1
x->0sinx ' x0igx x>0 arcsin x =’ x=>0 arctgx
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lim(L+ x)i =e Iim(1+1j =e

2-ii 3aMevaTeJbHBIH Mpejes 50 : X—>00 X
l sin8x

IIpumep. Beruncnuts npezen: )I([)TO] tg5x

Penienue.

l sin8x _ /0 _i 8x-ﬂn8x.c035x_1. 8x-sin8x  5x . C0SExX —

!ETOI tg5x 0 !ETO] 8X sin5x !ETO] 8x 5x-sin5x

8,. sin8x . 5x . 8 8

° . : cosb5x=—--1-1.1=—=16

5 1M —g M G5 Iim 5 5

Otser: 1,6.

Hpumep.

5x-3
; I9x -4
Brrauciute npeaer: I|m Ox + 2

x—00

Penienue.

i (9x—4]5x_3 i
M 9x+2 im

Ox+2 X—00 OXx+2

((9x+ 2)- 2—4]5”’ _Im ((9x + 2)—6)5X_3 _

5x-3 9x+2 6 (5 3)
-6 9x+2
it (9x+2) -6 SX‘S_I. L1 i |1t
>£Q OX+2 9x+2 )EQ Ox+2 )HQ OX +2
-6 -6
-30x+18
9x+2 —30x+18 9Ix+2. I 9x+2
-6 IX+2 -6 o
| + L = lim |1+ 1
XI_(DO Ox+2 xm OX +2
-6 -6
-30x 18 _30+£§
|im—30X+18 lim—g5 =" lim 0.2 ~30+0 30 10
9x+2 L x>0 Q4— 50 5 -5
_eXA)oo _e X X _e X :e + _e =e
10
3
OtBeT: e
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HenpepbIBHOCTH (hYHKIIMH

Onp. ®yukuus Y= f(X) naswiBaercs menpepvienoit 6 mouke a , eciu
BBIIIOJIHAIOTCS TPU YCIOBUSA OJJHOBPEMEHHO:
1. y(x) OIpe/esiCHa B TOUKE d.Te. CYILIECTBYET y(a)
2. CymecTBYIOT KOHEYHBIE OJTHOCTOPOHHUE TIPEAEIIbI

lim y(x) , lim y(x)
X—a_ X—a,
3. BrInoJIHSIETCS PAaBEHCTBO y(a) = )!LT y(X) = )!I_)I’L'l y(X)

Eciu He BBINOJIHSAETCS XOTS ObI OJHO YCJIOBHE, TO TOBOPAT, 4To B T. X =4
(GYHKIHUSI TEPIUT Pa3pbiB, IIPH STOM:
» EciIu BBITOJHICTCS BTOPOE YCIOBUE, TO TOBOPST, YTO pa3pbiB | posa.
» Ecmm X0Ts Obl OJIMH W3 OJHOCTOPOHHHUX TPEICIOB PaBeH OO, TO TOBOPAT,
yTto pa3psiB |l poxa.
Teopema. Ecnu hyHKIMS HENpepbIBHA B KAXKJI0H TOYKE HEKOTOPOTO IMPOMEKYTKA,
TO OHA HEMpPEphIBHA Ha ATOM IPOMEKYTKE.
y y

y = f(x)
y(a) I=hA

0 a X
Toyka paspbiea 1-20 poda Touyka paspbica 2-20 poda
Hpumep.
HccnenoBarh PyHKITMIO HA HEMTPEPHIBHOCTh
2X, X< -3

y=:x*+1 -3<x<1
2X, Xx>1

Penienue:

O4eBUHO, YTO KYyCOUYHO-OIpEACICHHass (DYHKIMS HEMpephiBHA Ka MPOMEKYTKaX
(_ oo;—3)U(— 3;1)U(1; OO), T.K. Ha OTUX TPOMEKYTKax (PYHKITUS 3a7aHa HETIPEPHIBHBIMU
anemMeHTapHbIMU QyHKUIMsIMU. [ToaTOMY, CCeayeM Ha HENPEPLIBHOCTh TOUKH X =
-3 ux=1.
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a) X =-3
1) y(-3) = (-3)*+1 = 10 3uauut, GyHKIWS ONpEACIcHa B Touke X = —3
2) HaiineM oAHOCTOPOHHUE MIPEJEBI B 3TOM TOUKE

lim 2x =2-(-3)=-6

X——3_

lim (x* +1) =(-3f +1=10

,  3HAYUUT, OAHOCTOPOHHHC IIPCACIIbI

CYILIECTBYIOT
3) [IpoBepuM, BBITIOIHSIETCS JIU YCIOBUE

y(=3)= lim y(x)= lim y(x)

10 =—6 =10 OueBHAHO, UTO HE BHIIOIHICTCS.

BoiBon: dyHkius He sSBAsSeTCA B T. X = — 3 HEMPEPHIBHOM, T.K. HE BBIMOIHSIETCS 3
ycioBue HenpepblBHOCTU. Ho, T.K. BBINIOJIHSIETCS 2 YCIOBUE, TO MOKHO CKa3aTh, YTO

BT. X =— 3 ¢yHKUUg TepnuT pa3psiB | poaa.

o)y x =1
1) y(1) = 1*+1 = 2 3naunt, QyHKUKS ompe/eeHa B Touke X = 1
2) Haiinem oAHOCTOPOHHUE MIPEEIbI B 3TOU TOUKE

lim(x*+1)=1"+1=2

X—1_

im2x=2-1=2

x—1,

3) [IpoBepuM, BBITIOJIHSIETCS JIU YCIIOBUE
y(@) = lim y(x) = lim y(x)
x—1_ x—13,

2 =2 =2 OueBHIHO, YTO BBINOIHIETCS.

, BHAYUT, OJHOCTOPOHHHUC ITPCACIIbI CYILICCTBYIOT

BoiBox: ®yukuus ssisgercs B T. X = 1 HenpepbIBHOM, T.K. BBINOIHSAIOTCA BCE 3
YCJIOBUSI HETIPEPHIBHOCTH.

Orser. ®yukuust HenpepsiBHa pu x € (—0;—3)U(=3;0). B1. X = — 3 yHKuus
TepnuT paspeiB | poga

Bomnpocs! 115 3aKpenJieHns MaTepuaJjia

=

YTo Ha3BIBAIOT YMCIOBOM MMOCIEI0BATEIBLHOCTHIO?

Yrto Ha3bIBAIOT NpeaeioM PyHKIUU?

3. Kakue pyHkimm Ha3pIBalOT OECKOHEYHO MAJILIMU B TOUKE WJIM Ha
OECKOHEYHOCTH?

4. Kakue QyHKIMU HA3bIBAIOT OECKOHEUHO OOJIBIIMMH B TOUKE UM Ha
OECKOHEYHOCTH?

5. Kak n30aBuThHCS OT HEONIPENETEHHOCTH <0>

N

0
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6. Kak n30aBUTHCS OT HEOIPEACIIEHHOCTH <°°>

0
7. Urto Ha3bIBAIOT 1-M 3aMedaTenbHbIM Openeaom?
8. Urto Ha3bIBAIOT 2-M 3aMeyYaTeNbHbIM Npeeaom?
9. Kakue ycnoBust HenmpepbIBHOCTH (PYHKIIMU B TOUKE?
10. Yro Takoe pa3psiB | poga ¢pyHKIHMH B TOUKe?
11.Yto0 Takoe pa3psiB |l pona pynkuuu B Touke?
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Tema 3.1. MaTpuubl U onpeaeauTe u
Tonamue mampuywl. Tunvl mampuy. /leticmeuss c Mampuyamu. CroxdceHue, bluumanue Mampuy,
VMHOJICEHUEe MAMPUYbl HA YUCIO, MPAHCHOHUPOBAHUE MAMPUY, YMHONICEHUE MAMPUY, 8036€0eHUe
6 cmenens. Onpedenumensv keaopammuou mampuysl. Onpederumenu 1-2o, 2-2o, 3-20 nops0xos.
Ilpasuno Capproca. Ceoticmsea onpedenumeneu.

Martpuibl
Martpuneii Ha3bIBaeTCs IPAMOYTOJIbHAs Ta0IUIIA YHUCeT
a, a, .. a,
8.2 1 a22 v 8.2n
A= , A€ YUCJia tlij HA3bIBAKOTCS DJICMCHTAMU ManI/IIIa.
a. a a

ml m2 mn

Ota MaTpuiia IMeeT M CTPOK U N CTOJIOIIOB.

Ecan m = n, To MmaTpuiia Ha3pIBa€TCA KBAIPATHOM, TOPsIAKA N.

Ecnu m # N, To Matpua Ha3bIBae€TCs MPSAMOYTOJIBHOM pa3zmMepa M x n.
KBagparHasg maTpuiia UMEET ONpeaeanTellb, KOTOPbId 0003HauMM AA. Eciu AA =0,
TO Mmatpuua A Ha3bIBaeTCAd HegwvlpoyHcoeHHou, Ecim AA=0 , 1o matpuna A

Ha3bIBACTCS 8bIPOIHCOCHHOU.

JIBe Matpuiibl A U B CYUTAIOTCS PAGHBIMU, €CIIU:
1) A u B oguHakoBoro pasmepa;
2) CoOTBETCTBYIOIINE IIEMEHTHI COBIIAJIAIOT, T.€. djj = Djj

0 ... O
.. 0

Marpuna E = y KOTOpPOM BCE NHarOHAJIbHBIC 3JIEMEHTHI PaBHHI 1, a
0 0 ... 1

BCE OCTaJIbHBIC 2JIEMEHTHI PABHBI HYJIIO, HA3bIBACTCA €OUHUUHOI.
Marpuiia, Bce 2JIeMEHTBI KOTOPOH paBHBI HYIIIO, Ha3biBaeTcs O-mampuuya.
JeiicTBUSI HAL MATPULIAMHA

1. YToObl yMHOMCUMb MAMPUUY HA YUCI0, HATIO KAXKIBIA SJIEMEHT MaTPUILIbI
YMHOXHUTb Ha 3TO YUCJIO:

ca, ca, .. Ca,
ca, ca, .. ca

c- A — 21 22 2n
Ca, Cay, ... Cay,

2. UToOBI cioscums (6viuecms) 06e Mampuybl OTMHAKOBBIX Pa3MEPOB, HY)KHO
CJIOKUTH (BBIUECTh) COOTBETCTBYIOIINE PJIEMEHTHI ATUX MATPHII.
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d; 8, a3 b, b, b, a,tb, a,*h, a,tb,
AxB = |a, a, a,;| % by, by, b23 = |ayth, ayth, 8, & bzs
d3; 83 Az by, by, by, a3 kb a3, tby, a,Ehy,
3. Mampuuy A MoscHo ymMHOICUmMb Ha Mampuyy B TOIBKO B TOM cllydae, Korjaa

YHCIIO CTOJIOIOB MATPUIIBI A paBHO YMCITY CTPOK MaTpULIbl B. YMHOXKEHHUE
MIPOBOJIUTCS IO MPABUILY «CTPOKA HA CTOJIOCID.

[Tycts manbl MaTpuna A pasMepa M X N u Matpuia B pasmepa n x K. Torma
matpuna C = A4 - B Oyaer uMeTb pa3Mep M X K 1 31eMeHT ¢jj 3TOi MaTpHIbl paBeH
CyMME TPOM3BEACHUHN JJIEMEHTOB -0 CTPOKH MAaTpHIlbl A Ha COOTBETCTBYIOIIUC
9JIEMEHTHI |-T'O CTOJIOIA MATPHIIBI B:

C; =aub; +a,b,; +...+ab

in™~nj
HpnMep

521
(123} 042 _(1-5+2-0+3-1 1.2+2-4+3-0 l'1+2-2+3-7j_(8 10 26)

201 107 2.5+0-0+1-1 2-2+0-4+1-0 2:1+0-2+1.7) (11 4 9

4. ®opMmyIa 6036edeHus mampuysvl 6 cmeneHs PaboOTAET TOJIBKO ISl KBAIPaTHBIX
n
A'=A-A-...-A
_

n pas

MaTpUIl ¥ HATYPaJIbHOMN CTEIICHHU:
Jpyrumu cioBamH, JUisl TOTO, 4YTOOBI BBIMIOJIHUTH BO3BEICHUE MAaTPUILIBI B CTEIEHD N

HYXXHO YMHOXHUTB €€ caMy Ha ce6s N pas.
[Ipu BO3BEEHHH B CTENIEHL MAaTPHILy YAOOHO MPUMEHATH cBoiicTBo: A" = A" - A"

[pumep. ns matpunt A u B waiitu Mmatputiel C=3'4+4'B u D= 4'B.

2 -1 3 6 -2 9
A=11 4 0 B={10 3 5
8 7 5 0 -4 1

Pemenue:
2 -1 3 6 -3 9
3-4=3:|1 4 0|=]3 12 0
8 7 5 24 21 15

6 -2 9 24 -8 36
4B=4-110 3 5|={40 12 20
0 -4 1 0 -16 4

6 -3 9 24 -8 36 6+24 -3-8 9+36 30 -11 45
C=7-4+4-B=| 3 12 0 |+[40 12 20|={3+40 12+12 0+20|=43 24 20
24 21 15 0 -16 4 24+0 21-16 15+4 24 5 19
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2:6+(-1)-10+3-0 2:(-2)+(~1)-3+3-(-4) 2-9+(-1)-5+3-1
=| 1.6+4-10+0-0  1.(-2)+4-3+0-(-4) 1.9+4.5+0.1 |=
8-6+7-10+5-0  8-(-2)+7-3+5-(-4)  8-9+7-5+5-1

12-10+0 -4-3-12 18-5+3 2 =19 16
=| 6+40+0 -2+12+0 9+20+0 (=| 46 10 29
48+70+0 -16+21-20 72+35+5 118 -15 112

30 —11 45 2 -19 16

OtBeT: c—|43 24 20| D=|46 10 29

24 5 19 118 —-15 112
OnpexeJaurtean

OmnpenenureneM BTOPOTo MOPSIAKA HA3bIBACTCS YHCJIO:

al 1 a12 e o

A= =a;;-8;, —a;,-ay,

R

Ay Ay
rIe
aij — JJICMCHTBI OIIPCACIINTCIIA.

Ij - IBOMHOM MHICKC.
i— HOMEp CTPOKH, a j— HOMEp CTOJI0IA Ha IEPECCUECHUH KOTOPBIX HAXOMAUTCS DJIEMEHT.

~5.4-2.(-3)=20+6=26,

5
IIpumep ‘_3 4‘

OHpeI[eJII/ITeJIeM TPETHEro NMOpPAAKA HAa3bIBACTCSA YUCJIO0
a;; &, 83

A=8y 8y 8y = 833855855 + 8;,8p585; + 8158585, — A138p,85; — 838,383, — 81,8,,853
d3; 83 8

IIpumep Brruncnuth onpenenuTens 3-ro Nopsaka Mo onpeieICHUI0

1 2 -1
A=0 3 -3 = 135 + 2:(34 + 0:(2)(-) - ()34 - 025 - (-3):(-2)1 =
4 -2 5

=15 -2 +0+ 12 -0-6 = -3
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IIpaBuio Capproca

IIpaBuio Capproca— MeTOJ BBIUHCICHUS ONPEACIUTEIISI MATPHUIIBI TPETHETO
nopsaka. [Ipu3BaHO BHECTH B IMPOIECC BBIYMCICHHS ONPEACTUTEIS HArJISTHOCTD,
YMEHBIIIMB TEM CaMbIM BEPOSTHOCTh BO3HMKHOBEHHS OIMMOKH. Ha3zBaHo mo mmeHHU
dpaniry3ckoro marematuka /lvepa @pedepuxa Capproca.

all a12 a13
Jns matpunbl 3x3: A = |a, a, a,y
a‘3l a32 a33

OnpenenuTenb HAXOJUTCS CYMMHPOBAHHMEM IIECTH IPOM3BEACHUN U3 TPEX
AIeMEeHTOB. JlelicTBUE BBITIOHAETCS COTJIACHO CIICIYIONIECH cXeMe:

IlepBple 1Ba CTOJIOIIA MATPHIGI 3alMCBHIBAIOTCS CIIpaBa BO3JIE MAaTPHIIEL.
[IpousBeaeHUs 2JIEMEHTOB, CTOSIIUX Ha JUHUIX C TTOMETKOU «+», CKJIAJbIBAIOTCS,
3aTeM W3 pe3yibTaTa BBIYUTAIOTCS MPOU3BEICHUS DJEMEHTOB, HAXOJAIIMXCS Ha
JIMHUSIX C IOMETKOM «—»:

d;; dyp dy3 dyp dp

- - - + o+ 4+
all alZ a13

A= a'21 a22 a23 = a11a22a33 + a'12a'23a'31 + a'13a21a'32 - a13a22a31 - a1la'23a32 - a'128'21a'33
a31 a32 a33

IIpumep Brruncnuth onpenenuTens 3-ro nopsiaka npuMenss npasuio Capproca

12 - 12 1 2
A0 3 3 =0 3% 0 3 =
42 5| 4208 N4

e

=135 + 2:(3)4 + (D0(2) — 205 — 1-(3)(2) — (D34 =

~15-244+0 -0 -6 — (112 = -3
Bomnpocsl 17151 3aKpenjieHnst MaTepuaJia

1. Yto Ha3BIBAIOT YHCIIOBOM MATPHIICH?

2. Yto Takoe pa3MEpHOCTb MATPHUIIBI?

3. Kakyro mMaTpuily Ha3bIBalOT KBaJIpaTHOM?
4. Kakyro MaTpuily Ha3bIBalOT €IMHUYHOMN?
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https://ru.wikipedia.org/wiki/%D0%9E%D0%BF%D1%80%D0%B5%D0%B4%D0%B5%D0%BB%D0%B8%D1%82%D0%B5%D0%BB%D1%8C
https://ru.wikipedia.org/wiki/%D0%A1%D0%B0%D1%80%D1%80%D1%8E%D1%81,_%D0%9F%D1%8C%D0%B5%D1%80_%D0%A4%D1%80%D0%B5%D0%B4%D0%B5%D1%80%D0%B8%D0%BA

Kakyro matpuity HazsiBaroT 0-mMarpurieii?

Kak npoucxonut cnoxxenne matpun? JIroObie 11 MaTPUILIBI MOXKHO CIOXKHUTH?
Kak npoucxonut ymHoxxenue matpunl? JIroObie JIn MaTpUIlbl MO)KHO YMHOXKHTb?
Kak matpuily Bo3BOAUTH B CTEIICHB?

. YUTO Ha3BIBAIOT OIPEAEIUTEIEM BTOPOIO MOpsiIiKa?

10 YTO Ha3BIBAIOT OMPEACIIUTEIEM TPETHETO MOPSAAKA?

11. Kako#i MeToJ1 BeIYMCIIeHUs onpeaenuTeneit HazpiBaetcs [IpaBunom Capproca?

©Woo~No O
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Tema 3.2. Cucrembl JIMHEHHBIX YPAaBHEHHU
OcHosHbie nouamus u onpeoenenus. 0owull U0 cUcmembl TUHEUHbIX YPAGHEeHUll ¢ 3-Ms
nepemennvimu. Coemecmmusvie onpedeneHnbie, COBMeCmHble HeonpeoeleHHble, HeCOBMeCMHble
cucmembl TUHEUHbIX YpasHeHull. Pewenue cucmem nunetinolx ypasrenutl no popmynram Kpamepa,
memooom I 'aycca u ¢ nomowbio 0Opamuol Mampuybi.

CucremMbl JUHEHHBLIX YpaBHeHN. OCHOBHBIC NOHATHSA

CucreMa JMHEHHbIX YPABHEHUH MMEET BU/I:
X +aLX, +...+a, X, =h
Ay X, +8,0%, +...+8,, X, =D,

a.. % +a X +...+a X =b

m
aij — KO3(hPUITUEHTHI PU HEU3BECTHBIX = 1, 2, ..My J = 11 2, ...Nn

bk — CBO60,Z[HBIC YJICHBI

Bce 3HaueHHs BceX MEPEMEHHBIX, MPU KOTOPBIX OJHOBPEMEHHO BCE YpPABHECHUS
CHUCTEMBI MPEBPAIIAIOTCS B BEPHBIE YMCIIOBBIE PABCHCTBA, HA3bIBACTCS PelIeHHueM
JTAHHOU CHCTEMBI.

Cucrema COBMECTHA, €CJIM OHa UMCCT PCIIICHUC.

Cucrema HE€COBMECTHA, €CJIM OHa HC UMCCT PCHICHUA

Cucrema omnpejaeaeHa, CCjinM oHa UMCCT CAMHCTBEHHOC PCIICHUC.

HccnenoBanue u pelieHne CUCTEMBbI TPEOYET OTBETa Ha TPH BOMIPOCA:

1. Umeer cucTema perieHue Wi CHCTeMa PEIICHWH He MMeeT (T.€. COBMECTHaA
OHa MJIM HECOBMECTHA);

2. meet nu cucTeMa eIMHCTBEHHOE PEIICHUE WM 0€CKOHEYHO MHOTO PeIIeHUIN
(T.€. omipejiesieHa OHa WJIM HEOTpEIeNICHa);

3. KakoBo pemieHue, €ciii OHO CYIIECTBYET.
JIBe crcTeMBbl Ha3bIBAIOTCS PABHOCHJIbHBIMH, SCJIM BCE PEIICHUS OJTHOU SBIISIOTCS

pElICHUsIMU JIPYTOM W, HA00OpOT, BCE pPEIIEHUS IPYroll CHUCTEMBI SIBIISIOTCS
PEILICHUsIMU NIEPBOU.

TeopeMbl 0 PABHOCHJILHOCTH CHMCTEM JIMHEHMHBIX YPABHEHHU M

Teopema 1. JIro60oe u3 ypaBHEHHI CHCTEMbI MOYKHO 3aMEHUTH PAaBHOCUIILHBIM €MY
ypaBHeHueM. [lomyueHHas B pe3ylbTare 3TOr0 CHUCTeMa, OyaeT
PaBHOCHUJIbHAS JAHHOM.
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Teopema 2. Jlto0oe u3 ypaBHEHUI CHUCTEMBl MOYKHO 3aMEHUTh YPaBHEHHEM,
IIOJIyYEHHBIM IIyTEM CJIOKEHHSI HCXOAHOTO YPaBHEHUS C JPYTUM
ypaBHeHUEeM cucteMbl. [lomyuenHas B pe3ynbrare 3TOro cucrema Oynaer
PAaBHOCHWJIBHOW TAHHOMU.

Teopema 3. MoOXHO W3 OAHOrO YpPAaBHEHUS CHUCTEMBI BBIPA3UTh KaKOE-HUOYIb
HEHU3BECTHOE Yepe3 APYrue HEU3BECTHBIE U MOJCTABUTH 3TO BBIPAKECHHE
B Jpyrue ypaBHeHus. HoBble ypaBHEHHUS BMECTE C MEPBHIM 00pa3yioT
CUCTEMY, PABHOCUJIBHYIO TaHHOM.

MeToabl penieHus CHCTEM JUHEHHBIX VPABHCHUN

Cnoco6 moacTaHOBKH

Ecnim w3 omHOTO ypaBHEHHS CHCTEMBI KaKoe-TMOO M3 HEM3BECTHBIX
BBIPA3UTh 4epe3 APYTHE M TOJCTaBUTh 3TO BBIPAKCHHUE B JIPyrUe YpaBHEHUS, TO
MOJIYYUM CHCTEMY C MECHBIIUM KOJMYECTBOM YPaBHCHHMH U HEU3BECTHBIX.
[Iponomxass TakumM oOpa3oM, MOKHO IIOJIYYHWTh B KOHIIE KOHIIOB ypaBHEHHE C
OOHUM HEHU3BECTHHIM. M3 Hero HaWAeM 3HA4YeHHE OSTOr0 HEU3BECTHOIO H,
MOJCTABIISAS ATO 3HAYCHHE B MPEIBIAYIINE BBIPAKCHUSA, MOJYyYUM 3HAYCHUS BCEX
MIepEMEHHBIX.

IIpuMmep .Pemnts cucteMy JIMHENHBIX YPaBHEHUI

3x-2y=11
{4x -5y=3
Peuienue.
PemuM cucteMy cmocoo6omM nmoaCTAHOBKH.
N3 nepBOro ypaBHEHHUs BHIPa3UM MEPEMEHHYIO X

11+2

x===2
3

IloncraBuB 3TO 3HaYEHHE BO BTOPOE ypAaBHEHHUE, ITOJYYUM YPAaBHEHHUE C OJTHUM
HEHU3BECTHBIM ) :
4-—11+2y -5y=3,0TKyna Yy =25
[loncTaBuB Y = 5 B BBIpAKEHUE I X, TOTYYUM:

11+2-5 _
X =—3 »OTkyza X=7.

OtBet: X=7, Yy=5

Meton I'aycca
[locnenoBaTenbHO UCKIIIOYAIOT IEPEMEHHBIE U CBOAAT CUCTEMY K TPEYTOJIBHOMY
BULLY.

TpeyronbHbIi BUJ CUCTEMBI — KOIZJA HIKEIEKallee YPaBHEHUE CHCTEMBI
CONEP)KUT, IO KpaWHEW Mepe, Ha OJHY HEU3BECTHYIO MEHBIIE, YEeM
BBIIIIEJICIKALIEE.
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IIpumep.

X+7y—-52=-9
Halitu o011ee peleHne CUCTEMEL: | 2X+5y -6z =-8
4X+2y—-7=-12

Penienue.

C ITOMOIIIBIO OHepaHI/Iﬁ YMHOXCHUS YpPABHCHHA Ha YHUCIO U aJIF€6paI/I‘{€CKOI‘O
CJIOXKCHUA IBYX ypaBHeHI/Iﬁ 3aMCHHUM JIBa H3 ypaBHeHI/Iﬁ CUCTCMBbI HAa YpaBHCHMN:,
HC COoJACPpKaAIICC IICPCMCHHYIO X.

YMHOXHM TI€pBOE€ ypaBHEHHUE CHUCTEMBI Ha 2 W CJIOXKHM €ro CO BTOPBIM
ypaBHeHHEM. TakuMm 00pa3oM, Mbl ypaBHseM KodpduumueHTsl npu x. OHU CTaHyT
paBHBI MO MOJIYJIIO M PA3HBIE II0 3HAKY, IIO3TOMY IIPU CJIOKECHUU YPaBHECHUU
cjlaraeMmele, coAeprKallue MEPEMEHHYIO X, B3aUMHO YHUYTOXKATCS:
2x +14y -10z = -18
—-2X+ 5y-6z=-8
19y —16z =26

Tenepb B CUCTCMY BMCCTO BTOPOI'O YpaBHCHHA 3alIMIIICM HOBOC YPABHCHHUC.

X+7y—-5z=-9
19y -16z =-26
Ax+2y—2=-12

YMHOXHUM T€pBOE YypaBHEHHE CHUCTEMbI Ha (-4) U CIOXHM €ro ¢ TPEThUM
YPaBHEHHUEM.
—4x —28y +20z = 36
4x + 2y — z=-12
—26y+19z =24

Tenepp B CHCTEMY BMECTO TPETHEIO YPABHEHUS 3AIIUILIEM HOBOE YPABHEHHE.

X+7y—-5z2=-9
19y —16z =26
—26y+19z2=24

Hrak, nmeeM cucremy C IByMsl YPaBHEHUSIM, 1€ HET IEPEMEHHOM X.

AHaNOTUYHBIE OMEpallud TPOBEIEM C TPETHbHUM W BTOPHIM ypaBHEHUEM, YTOOBI
IIOJIyYUTh YPAaBHEHHUE, HE COAEPKALIEE IEPEMEHHYIO Y.

YMHOXHUM BTOPOE€ YpaBHEHHE HOBOM CHUCTEMBI Ha 26 U CII0)KHM €ro C TPETbUM
YpaBHEHUEM, YMHOXEHHBIM Ha 19.
494y — 416z = — 676

— 494y + 361z =456
—55z2 =-220

Teneps B CHCTEMY BMECTO TPETHETO YPABHEHUS 3AIIUIIEM HOBOE YPABHEHHE.
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X+7y—-52=-9

19y -16z =-26
—55z2 =-220
N3 TpeThero ypaBHEHHs HAXOIUM:
—55z =220
z=4

[ToacraBnsem 3HaueHue Z =4 BO BTOPOE ypaBHCHHE:
19y —-16z =-26

19y -64 =-26

y=2

[oncrapmsieM 3HaueHnssi Z =4 u Y =2 B MIEPBOE YPABHCHHUE:
X+7y—5z2=-9

X+14-20=-9

X=-3

Ormser. X=-3,Y=2, z=4.

Merton Kpamepa
3aKJII0YacTCA B CIICAYIOIICM:

Haiitu oO11iee pelieHne CuCTEMBI:
81X +8,X, + 835X =Dy
81X, + 855X, + 85X =D,
851X, +83,X; +833X; = b,
1. CocraBnsieM TJIaBHBINA ONPENETUTENh CUCTEMBI U3 KOIPPHUITUEHTOB TIPH
& &, a3
nemspectpx: 2 =[321 822 | Bpmucnsewm ero.
d3; 83 Qg

Eciu A # 0, 3mauur, cicrema coBMecTHa U omnpeesieHa, T.e. UMEET
€JMHCTBEHHOE PEIIICHHUE.

. BEIYHCIIsSI1I0TCS BCIOMOTaTe/IbHBIC ONnpCaACINUTCIIN Ai , KOTOPBIC COCTABJIAIOTCA U3

TJIABHOTO OTNIPEACIIUTEIISI A samenoii crouora | Ha cTo0er CBOOOIHBIX YICHOB.

A.
3. TTo popmynam Kpamepa HaxoaTcs HEM3BECTHBIS: X = — .
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2%, +3X, + 5%, =12
Ilpumep Haiity penieHne CUCTEMBL: | _x 4 4x, —3x, = -7

2%, —3X, + 7%, =16

Pemenue.
1. CoctaBum omnpeneauTens U3 KO3PPUIUESHTOB MTPU HEU3BECTHHIX (TJIaBHBIH
ONPE/ICIIUTEND):
2 3 5
A=-1 4 -3=16=0
2 -3 7

Tak kak riaaBHbIN ONPEAECIUTENb HE PABEH HYJIIO, TO CUCTEMA UMEET
€IMHCTBEHHOE PELICHHUE.

2. HaXOI[I/IM BCIIOMOI'aTCJIbHBIC OIIPCACINTCIIN: A]_ ) Az )51 A3 , 3aMCHIA

MOCJIEJIOBATEIbHO B TJIABHOM OIPENETUTENEe CTOJIOIBI HAa YHCIIA, CTOSIIUE B
MPaBOM YaCTU KaXJ0ro U3 ypaBHEHU (CTOIOEI CBOOOAHBIX YJICHOB)

12 3 5 2 12 5 2 3 12
A =|-7 4 -3=16, A,=|-1 -7 -3=0, A,=|-1 4 -7=32
16 -3 7 2 16 7 2 -3 16

3. TlomyuaeM equHCTBEHHOE pelIeHrne cucTeMbl o popmynam Kpamepa:

1_£:E:1’ Xzzﬁzgzo’ Szﬁzﬁzz
A 16 A 16 A 16
Orger. X, =1, X, =0, X, =2,

Bonpocs! 1S 3aKpenJieHus1 MaTepuaa

UTto Ha3bIBatOT cUCTeMOM TuHEeHHbIX ypaBHeHu# (CJIY)?
Kakue CJIY Ha3bIBatOT COBMECTHBIMU?

Kakue CJIY Ha3bIBalOT HECOBMECTHBIMU?

Kakue CJIY Ha3bIBatOT ONpeaeaeHHbIMU?

Kaxkue nevictBus ¢ CJIY npuBoasT K paBHOCHIbHbIMH CJTY?
B uem 3akmouaercs meton ["aycca?

B gem 3akimouaercs meton Kpamepa?

NogagkowodpE
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PA3JIEJ 4. 2JIEMEHTBI AHAJIMTUYECKOUW TEOMETPUU

Tema 4.1. BexkTopbl
Tonsmue eexkmopa. KOOpOuHClWIbl U OnuUHA eeKkmopa. Crooicenue u sblyuumanue 6EKMOpPO86.
Ymnoorcenue sexkmopa na wucno. Paccmosinue mesicoy 0eyms moukamu na niockocmu. CkansipHoe
npousgedeHue 8eKmopos. Yeuvl, 0opasyemvie 6eKMOPOM C 0CAMU KOOPOUHAM. Y2ibl MerncOy
sekmopamu. Konnuneapnocmso u nepneHouxyispHoCms 86eKmMopos

Paccrosinme mexay Toukamu A(X, Y;) n B(X,, Y,): yy Al
il
2 2
‘AB‘:\/(XZ_Xl) +(Y2 _Y1) |
|V — (SR ——— B (xz; y2)
Takum 00pa3oM MOKHO BBIUUCIATH JUIMHY OTpe3Ka AB ‘
(o) X4 X; X
y
Koopaunatsl cepequnsl oTpe3ka AB
X + X, YitY,
XC = yc = V,)
2 2 -
0 X
BekTopsbl
BeJin4yuHbI
CKAJISIPHbIE BEKTOPHbIE
YucnoBoe 3HaUYCHUE YucnoBoe 3HaYCHUE Y HATPABJICHUE

CKopocnib, cuja, uenmpo6eafcnoe
YCKopeHue N 1. 1.

macca, epems, memnepamypa v T.J.

BekTop — OTpe3oK, Ui KOTOPOrO YKa3aHO HampaBieHHe (T.e. YKa3aHO Hayallo
OTpe3Ka U €ro KoHeN).

N306paxaeTcs B BUJIe HAMPaBJIEHHOro oTpe3ka u obosHauaercss AB numu a

A
HyJsieBoii BeKTOp — BEKTOp, Y KOTOPOrO KOHELl COBIIAQJAeT C Ha4aJlOM.

O603Hauaetcs Toukoii. 3amuceiBaercs O . Harmpasienue He onmpeseneHo.
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JIIMHa BEKTOpa JTO JJIMHA OTpe3ka H300pakaroiiero BekTop. O003HavaeTcs
‘AB‘ 1501051 ‘5

BEKTOpA HE 3aBUCHUT OT €0 HampasJeHUs. J[JIMHa HYJI€BOTO BEKTOPA paBHA HYJIIO.

, IIO3TOMY JUVIMHY BCKTOpPA 4aCTO HA3BIBAIOT MOAYJEM BCKTOPA. I[J'II/IHa

KosuiuHeapHble BeKTOpa — BEKTOPBI, JEXKallMe HA OJHOM IPAMOM WM Ha
IIapaJuIeNIbHBIX MTPSMBIX.

HyeBoii BEKTOp cUUTAETCSl KOJUIMHEAPHBIM JII0OOMY BEKTODY.

Buasi konnuHeapHsix BEKTOPOR

COoHanpasreHHble NPOTUBONONOXHO HanpaBneHHbIe
///' ‘//'-—
paBHble NPOTHBONONOXHbIE
A d»

PaBHbIe BEKTOPbI — COHAITPABJICHBIC BEKTOPLI OI[HH&KOBOﬁ JJIUHBI.

KOOpIII/IHaTLI BEKTOPAa OIPCACIAIOTCA paSHOCTAMU MCKAY KOOpAMHATAMMA KOHIIA U
Hadajia BCKTOpa:

ECHH A(Xl,yl), B(Xzfyz)a TO a:(ax’ ay):(xz_xl' yz_yl)

Y KOJUIMHEAPHBIX BEKTOPOB COOTBETCTBYIOIINE KOOPJAVHATHI
IPOTIOPLHOHAJIBHBL.

b Xa _ Ya

T.e.ecmu & u D xonnuueapusl, T o — =

Xo Yo
[al 2 2
JliMHa BeKTOpa ‘a‘=\/X + Y

JedicTBUSA C BEKTOpaMH

ITycTh eCTh UCXOAHBIE BEKTOpa A = (Xa; ya) n D= (Xb’ yb)

1. YMHOKeHHEe BEKTOPa HA YHCJIO0: Aa= (ﬂ.Xa, /1ya)
(YMHOXKaeM KaKIyH0 KOOPJAWHATY BEKTOpA Ha YUCIIO)

2. Canoxenne Bektopos C=a+0=(X, +X,, Y, +V,)

(CKJ'IaIlLIBaCM COOTBCTCTBYIOIINEC KOOPJAUHATHI BCKTOpOB)

3. Beruutanue sextopopC = a — b= (Xa —Xpy Ya— yb)

(BBIUMTaEM COOTBETCTBYIOIINE KOOPMHATHI BEKTOPOB)
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4. CkansipHoe Npou3Be/ieHHe BEKTOPOB — 3TO YKCIIO

a-b=x,-X+Y, Y,

a-b= ‘ -|b| - cos P ,rue @ — yroa MexIy BEKTOPaMH
CBolicTBa CKAJIIPHOTO NMPOU3BeEIEHUS
1. a-b=b-a
a-b
2. COSp = =—= oTcooaa
a-|b

3. yroJa me;xkay Bekropamu:. ¢ = arccos

a- o]
Xa Xyt Ya- Yy

NESR RN E e

CoOS @ =

WU B KOOpAWHATHOM (hopme

4. VcoBue IepeH MKy ISpHOCTH ABYX BeKTopoB ( ¢ =90°)
a-b=0 wm B koopaunatHoii popme Xa Xy + Yo' Y, =0
5. CBsi3b MEX]Ty 3HAKOM CKaJIIPHOTO IMPOU3BEACHHS IBYX BEKTOPOB U yIJia
MEKTy HUMH

0°< ¢ <90° A
a-b>0

90° < < 180°

0 a Q a-b<0

RIS

o
[
L+]

2

A J

Ipumep

I[onb3ysch JaHHBIMM PUCYHKA, YKauTe 1715 naphl Bektopos B4 u CE
IPABUJIbHBIM BApUAHT OTBETA U MOSICHEHHUE:

a) COHAIpaBJICHHbIC

0) paBHBIC

B) NPOTHUBOIIOJIOKHO HANPABJICHHbBIE

I') IPOTHUBOIIOJIOXKHBIE
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Penrenue.

—

Bekropsr BA u CE jesxar na napayuieNbHBIX pedpax napasuieienurena,
HAIIPaBJIEHBI B OJJHY CTOPOHY, HO HE PABHBI 110 JUIMHE, 3HAYNUT, OHU ITPOCTO
COHAIPABJICHHBIE,

OtBer. @) COHAIPaBIICHHbBIC
Ipumep ansl Toukun A(1; 2), B (-1;5), C(-1;2)

Haiitn koopauHaThl U MOJIYJIM BEKTOPOB AB u CA
Pewienue.

1. Haiinem koopaumate! Bextopa AB

R —

AB = (X, =X, Yy =¥,)=(-1-1 5-2)=(-2 3)
2. Haninem KoopauHaThl BEKTOPA CA
CA=(X, = Xc, ¥, =Ye)=(-1-1 2-2)=(-2, 0)
Orser. 4B=(-2, 3); CA=(-2 0)

IIpumep JlaHbl BEKTOPHI 5(5;—2) u B(—Z;—l) . HaliT KoOopAMHATHI BEKTOpA
c=2a-6b
Pemenne.

c=2a-6b=2-(5-2)—6-(-2-1) = (10;—4) — (-12;-6) = (10+12; —4+6) = (22; 2)
Orser. ¢ =2a—6b=(22;2)

IIpumep JlaHbl BEKTOPHI 5-(—3; 6) u b(8,—3) . Haiigure ux CKaJISIpHOE
MIPOU3BE/ICHUE.
Pemenue.

a-b=(-36)(8-3)=x X +Y, Y, =-3-8+6-(~3)=—24-18=—-42

- -

Otger. a-b=-42

Ipumep [ausr Touku A(1; 2), B (-1;5), C(-1; 2)

Haiitu KocuHYC yriia MeXa1y BEKTOpaMU AB u CA

Penienue.

1. Haitnem koopArHATHI BEKTOPOB AB u CA

D —

AB:(XB_XA' yB_yA):(_l_l’ 5_2):(_2’ 3)
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@:(XA_XC’ yA_yC):(_l_l’ 2_2):(_2’ O)

2. Haiinem ckansipHO€ IPOM3BEIEHUE BEKTOPOB AB u CA

AB-CA=(~2,3)-(-2,0)=-2-(~2)+3-0=4+0=4

3. Haitnem myiHBI BEKTOPOB AB u CA

|4B| = \[x* + yZ:\/(—2)2+ 3Y =v/4+9=113
CA| =[x + y? \/ (0 =v4+0=+/4 =

4, HalineM KOCHHYC yTJla MEX]Jly BEKTOpaMHu AB u CA

AB -CA 4 2

4B|.jc4  J13-2 13

COS@ =

2
OtBeT. COSQ@ = E

Bonpocs! 115 3aKpenJieHus MaTepuaJia

Kakue Be1M4rHbI HA3bIBAIOT CKAJISIPHBIMA?

Kakune BeIM4rHbI HA3bIBAIOT BEKTOPHBIMU?

Yto Takoe BEKTOP?

Kakoli BEeKTOp Ha3bIBaIOT HYJIEBBIM?

Yrto Takoe JAJIMHA BEKTOpa U MO Kakoi (hopmyJie OHA BHIUYUCIAETCS?

Kakue BEeKTOpbI Ha3bIBAIOT KOJUIMHEAPHBIMHU?

Kakue BEeKTOpbI Ha3bIBAIOT COHANPABICHHBIMUA?

Kakune BEKTOpBI Ha3bIBAXOT PABHBIMHU?

. Kakune BEKTOpbI Ha3bIBAIOT MPOTUBOIIOI0KHO HAMPABICHHBIMU ?

10 Kakune BEeKTOpbI Ha3bIBAKOT TPOTUBOMOJIOKHBIMU?

11. Kak BBIUKCISAIOTCS KOOPAUHATHI BEKTOPA, €CJIM U3BECTHBI KOOPAUHATHI €r0
Hayvajia ¥ KoHIa?

12. KakoBa CB$s3b KOJUTMHEAPHOCTHU BEKTOPOB U MIPOMOPIIMOHATEHOCTH HX
KOOpJUHAT?

13. Kak yMHOXXHTb BEKTOp Ha YHCIIO?

14.Kak ci10XuTh BEeKTOpa?

15.Kak BriuecTh BekTOpa?

16.Yto0 Takoe CKaJsspHOE MIPOU3BEACHUE BEKTOPOB?

17.KakoBa CBsI3b MEX/y KOJUTMHEAPHOCTHIO BEKTOPOB U UX CKAJPHBIMU

MPOU3BEICHUEM?

oCcoNOGROLDE
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18.KaxoBa CcBsI3b MEXKIY NEPHEHAUKYISIPHOCTHIO BEKTOPOB U UX CKAISIPHBIMU
IpOU3BEAECHUEM?
19.Kak BBIMHCIACTCS YTOJI MEXTy BEKTOpaMu?
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Tema 4.2. YpaBHeHus IPAMOM HA MJIOCKOCTH.
Kpusbie BTOpOro nopsiaka

Obwee ypasnenue npamoi. Bekmopnoe u kanonuueckoe ypasrnenue npamou. Ypaeuernue
npsaAmMol 6 ompesKax. YpasHenue npsamou ¢ yenosvim Kodghguyuenmom. Ypasnenue npamotl,
npoxoosuell uepes 08¢ OaHHvle MOUKU. Y201 Medcoy 08yMs NpAMbIMU. Ycrosue
napaniierbHoCmu U nepneHoOuKyIsApHocmu 08yx npsameix. Kpuevle 6mopozo nopsoka:
OKPYIICHOCIb, DIIUNC, 2unepooaa, napaboia

YpaBHeHHE NPAMO HA IJIOCKOCTH

1. O01ee ypaBHeHUEe NMPSIMOM Ax+By+C=0

2. YpaBHeHHe NPSAMOii ¢ YI10BbIM K03 (pHuIHeHTOM y =kx+b
rae K =tga — yrnoBoii k03 uieHT npsmoi

b — orpe3ok, oTcekaemslii ero Ha ocu OY

3. Kanonm4eckoe ypaBHeHHe MPSMOH, NMPOXoAsiieil yepe3 JAHHYI0 TOYKY
M(X,,Y,) M mNapauiebHO BeKTOpy s=(m,n) (nanpasisiowuii eexmop

nPAMOLL)
X=X _ Y=Y
m n
y X Y
4. YpaBHeHHe NPSIMOii B 0Tpe3Kax 3 + ' 1

rae a, b — AJIMHBI OTPE3KOB, OTCCKACMBIX
Ha 0CAX KOOPpAHHAT, B3ATBHIC C COOTBCTCTBYIOIIMMHU 3HAKAMU

5. YpaBHeHMe npsIMOii, NpoOXoAsiIeil Yepe3 JaHHYI0 TOYKY M (X,,Y,) ¢ JaHHBIM

YIJIOBBIM K03(¢duueHToM Y= Yo =K(X—Xp)

6. YpaBHeHMe NpsiMO¥i, poxoasiiieil yepe3 ABe TOUKH A(X,,Y,) H B(X,,Y,)
X=X _ Y-V
X =% Yo=Y

Yroa Mmexay npsaMbIMU

[Tycte umeroTcss ase mpsamele: Y =K X+b u y=K,X+Db, , Torna yron @

kz B kl
MEKIy HOIMH HaXoauTcs 1o ¢popmyine: (9@ = ————
1+k, -k,
Orcrona,
YcioBHue NapaliieJJLHOCTH NPAMBIX kl = k2
1
YceaoBue NepneHIuKyJISIPHOCTH NPAMBIX k, = _k_
1
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Ipumep CocraBuTh ypaBHEHHE NPSMOMU, MPOXOASMIEH yepe3 Touky M (2, 1) 151

napamensHoit Bextopy S = (4,-5)
Pemenue.
Ucnone3ys ypasHenue npsimou, npoxodsuyeii yepes dannyio mouxky M(Xy,Y,) u

napannenvro éekmopy S=(M,N) (Ne 3) Haiizem ucKkOMoe ypaBHEHHE:
X=X _ Y=Y

m n
x-2_y-1
4 -5
-5:(x=2)=4-(y-1)
—5x+10=4y -4
—5x—-4y+14=0 oO1iee ypaBHeHHEe JaHHOU mpsmoi (Ne 1)
y= —% X+ % ypaBHEHHE C YIIIOBBIM K03 duitneHToM naHHOM npsimoii (Ne 2)
OtBer. —9X—4y+14=0 ym y=—§x+%

Mpumep CocTaBuTh ypaBHeHHe IPMoil, mpoxoxsmeii uepes Toukn AL, —2) u
D(3,4)

Pemenue.

Ucnionw3ys ypasHnenue npsamoti, npoxoosuetl uepes 0ee mouxu (Ne 6) Haiinem
HUCKOMOE YpaBHEHHE:

X=X _ Y-V,
X =% Yo=Y
x-1_y-(-2)
3-1 4-(-2)
X=1 y+2

2 6
6-(x-1)=2-(y+2)
6Xx—6=2y+4

6X —2y —10=0 oGriee ypaBHeHrne maHHOM mpsimoii (Ne 1)

Yy =—3X—5 ypaBHeHue ¢ yrioBsiM Ko3QPUIMeHToM JanHoM npsmoit (Ne 2)

Oter. 6Xx—2y—-10=0 wm Yy=-3X-5
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IMpumep CoctaBuTh ypaBHEHHUE NMPSIMOM, TPOXOASIIEH YepE3 TOUKY A(3, 2) 151
napajienbHoi nmpsaMoit Y =5X +4

Pentenue.
T.x. IpsiMBI€ MapaJlIeIbHBI, TO UX YII0BbIE KOADPUIIMESHTHI JOJKHBI OBITh PABHBI.

Yriosoii kodpduruent npamoit Y =5X +4 pasen K; =5

3HAa4uT, Uy UCKOMOM IPAMOii yIioBoii ko3 puuuenT pasen K, =5.

Ucnone3yst ypasHenue npsamou, npoxoosuet yepe3 OaHHY0 MOYKY ¢ OAHHbIM
Ven08bim Ko3guyuenmom (Ne 5) HailieM UICKOMOE YpaBHEHHE:

Y = Yo =K(X=Xp)

Tpsmas poxout uepes touky A(3, 2), snaunr, Xo =3 u Yo =2
y—2=5(x-23)

y—2=5x-15

y =5x-13

Oteer. Y =5Xx—-13

IIpumep CocTaBUTh ypaBHEHHUE NPSIMOM, IPOXOASIIEH YepE3 TOUKY D(— 6, 4) 151
HEPICHANKYIAPHO psAMoil Y = 2X—3

Pewienue.
T.K. ipsiMbI€ EPIICHAUKYIISIPHBI, TO COOTHOIICHHE MEXYy X KodduimeHtamu:

1
k, =——

k

1
Yr10Boit kodpdurment npsmoit Y = 2X — 3 pasen K, =2
. . . 1

3HAuMT, ¥ Y UCKOMO NPAMOii yrioBoii kKodpdurment pasen K, = R

Ucnionw3ys ypasnenue npsamotul, npoxoosiueti yuepez OaHHYI0 MOYKY € OAHHbIM
yenosvim koagguyuenmom (Ne 5) HalileM HCKOMOE ypaBHEHUE:

Y=Y =|((X—XO)

[Ipsimast IpOXOAUT Yepe3 TOUKY D(— 6, 4) ,3Ha4nT, Xo =06 u Y, =4
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1
=——x+1
Y 2

OtBet. Y = —§X+1

IIpumep
Ha niockocTH 1aH TpeyroJpHUK ¢ BepIIMHaMu B Toukax 4, B u C. Haiitu:

a) oauny cmoponvl AB,
0) ypasnenus cmopon AB u BC u ux yenoswvie koaghguyuenmei,
B) gHympeHHull y2on B;

A(3; -3) B(6; 1) C(7;-1)

Penienue.
a) HalijieM JUIMHY CTOPOHBI AB no GopMyrie pacCTOSTHUE MEXK]TY TOUKAMU

‘AB‘ = \/(Xz - X1)2 + (yz - y1)2
AB| = /(6—3) +(1—(~3)) =3 +42 =/9+16 =25 =5

0) Haiinem ypaBHeHust ctopoH AB u BC v ux yriioBbie KO3G(UIIUESHTHI.
Ucnionw3ys ypasnenue npsamotl, npoxoosueli uepes 08e mouxy HaiJieM ypaBHEHUE
AB:

X=X _ Y-V,
X, =X Yo=Y,

x—3:
6-3 1-(-3)
X—3

3
4.(x=3)=3-(y+3)
4x—-12=3y+9
3y =4x-21

4
y= gx — 7 ypaBHeHue npsimoii AB

4

3HauuT, yriaoBoi ko3ppuuueHT npsmoit AB paBeH k, = 3
Hcnone3ys ypasHnenue npsamoii, npoxoosawell uepe3 06e mouky HailieM ypaBHEHUE
BC:

X=X _ Y=Y

X=X Yo=Y
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-2:(x-6)=1-(y-1)
—-2x+12=y-1
y =—2x+13 ypaBHenue npsimoit BC

3HaunT, yriaoBoi koddduuuent npsamoii BC pasen K, = —2

B) Hatioem enympennuti y2on B,
BnayTtpennuii yron B 310 yron mexay npsmseiMu AB u BC
TaHreHc yriia Mexxy NpsSMbIMU BBIYUCIISIETCS IO (hopmyJie

k, —k
1t — 2 1
Y=k K,

P
tg(p:—34 :(_Z_ﬂj:(14_(_2).&]:_E:(g_glz_g:(_§jzg.§:2

1+(_ 2).7 3 3 3 \3 3 3 3 5
@ =arctg(2) yron mexay npameivu AB u BC
Ortser.
4 4
a) ‘AB‘:S 6) y:§X_7 k1:§ y=—2x+13 k2=—2 B)
@ =arctg(2)
Kpusblie BTOPOro nopsiika

OKpYKHOCTh

['eomeTprueckoe MECTO TOYEK, pPABHOYHAJIEHHBIX OT [JAaHHOM TOYKH 3TOH
MJIOCKOCTH, HAa3bIBAEMOU YEeHmMPOM.

}?

( it B (x—a)f +(x—=by =r?

M(x;y)

ay %

YA

M (x, y)

7
N

=Y
X
_I_
<
Il
—
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DJLJIMIC.

['eomeTpruyecKkoe MECTO TOYEK, JJII KOTOPBIX CyMMa PacCTOSHHM OT JABYX JTaHHBIX
TOYCK, HAa3bIBACMBIX @oKycamu, €CTh BEIUYHMHA IIOCTOSHHAs, OOJbIIAst, YeM
paccTosiHIEe MeX Ty GOKycamu.

yl\
B,(0; b)
C T T = M(X, Y)
/// \\\‘\ X2 y2
As(-a; 0){ / | y Aia; 0) RANNIIN A
v Fy(-c;0) 0] Fi(g0) [/ X a’ b?
"""" TB,(0; -b)

IIpu b = a momy4aem OKpy>KHOCTS.

Bepmmnbl: A (a;0), A, (-a;0), B,(0;b), B,(0;—b) — Touku nmepeceyeHus ¢ OCIMHU

DOKYCHI: Fl =(c; 0), F,=(-C;0), rne c= Ja? —-b? (ectm a — OoJbIas
MOJIyOCh)

c=+b*-a’ (ecu b — GosbIIIast MOIYOCH)

DkcueHTpucuTeT: € =C/a (ecnu a— GonbIIas HOTYOCh)

g=Cc/b (ecnu b — 6osbIas MOIyOCH)

DKCIEHTPUCUTET XapakrepusyeT Gopmy smumca. OueBuano, uto 0 <& <1.
Eciu & — 0, 10 3Ha4MT, 94TO b —> @, T.€. IJUTUIIC TPUOIMIKAETCS K OKPY/KHOCTH,

ecin € — 1, To 3HauMT, YTO b —> 0, T.e. JUIUIC BBITATMBAETCA BIOJNb OOJBLICH
OCH.

I'mnep0oJia.

['eomeTpruueckoe MECTO TOYEK, Il KOTOPBIX MOJYJb PAa3HOCTH PACCTOSHUN OT
ABYX JAaHHBIX TOYCK, HAa3bIBACMBbIX (bOKycaMH, €CTh BCJIIMUHMHA IIOCTOsAHHAA,
MEHBIIIasl, YeM PACCTOSTHUE MEKITY (POKYCaMH.

I,,
_-2" 4 M(x;y)
2 2
A . X y
Fy(—c: 0) Fe0)  x — 5 = 1
a- b
1”‘82 \\‘\
I,I \\
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[Ipu b = @ momyuaem paBHOCTOpOHHIOIO THITEPGOTY.

Bepumnsr: A (a;0), A,(—a;0) — Touku nepeceuenus ¢ JeHCTBUTENLHOM OCBIO.
[lepeceuenne mnpamMbIx X =48, X=-8, Y=Db, y=-b o6pasyror ocHoBHOI
IPAMOYTOJIbHHK.

dPokycer: F; =(¢;0), F,=(-C;0),rne c= Ja? +b?

DKcleHTpHcuTeT: £ =C/a

DKCIEHTPUCUTET XapaKTepu3yeT (OPMY OCHOBHOIO IMPSIMOYToJibHHKA. OUeBHIIHO,
qT10 £ >1.

Eciu b—>a, TO 3HAYUT, YTO & —>+/2, T.e. IPAMOYTONEHUK MPUOTIKACTCS K
KBaJIpary,

ecin b — 0, 10 3HauMr, yro, £ —> 1, T.e. NPAMOYrONLHUK BHITATMBAETCS BJOJIb
JEWCTBUTEIBHON OCH.

ACHMITOTBI: JMATOHATIN OCHOBHOTO TIPAMOYTonbHUKa. [Ipsvmpre Y = £ —X,

| T

IIapaoJa.
['eomeTprueckoe MECTO TOYEK, Kakaash M3 KOTOPBIX HAXOJIWUTCS HA OJMHAKOBOM

pacCTOSTHUU OT JaHHOM TOYKH, Ha3bIBa€MON @oxycom, U OT JIaHHOW MPSIMOMH,
Ha3bIBAEMOM JUPEKTPUCON U HE MPOXOAIeH uepe3 PoKyc.

p

K| 2 X M(x,y)

_ |y =2px

p — ndpameTp mapabosibl. Yem O0JIbIIe 10 MOAYIIO P, TEM MIUPE 001aCTh, JexKaIIast
BHYTpH mapaboiibl. Ecnu p >0, To BeTBU mapaloJibl HAIIPaBJICHBI BIIPABO, €CIIN
p <0, TO BJIEBO.

Bepmmna: O(0; 0)
dokyc: F (g, 0)

EI/IQCKTIZI/IC&I npsamMas X = —g .

DKCIIEHTPUCUTET. & =1

Takum 00pazom,
s okpyxkuoctu & =0

s yanca € < 1,
U1 mapadoabr € = 1,
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1)

2)

3)
4)
5)

6)

st runep6oanl € > 1.
KaHoHMYecKHe ypaBHEHHUs JTHHUI BTOPOT0 MOPSIKA:

2 .2

%+g—2=1
2 2

y? =2pX

ax> —by? =0

y>—a®=0

y? =0

OJIJIUIIC

rurnepooia

napabosna
rapa mepeceKaronuxcs MPSIMbIX
napa napajiyIeIbHBIX MPSIMBIX

Imapa CoBagaromux IpsaMbIX

Bomnpocsl 1S 3aKpenJieHus MaTepuaJia

1. Kakwue BuabpI ypaBHEHUS MIPSMOM BBl 3HaeTe?
2. Yto Takoe yrioBoi kodpburneHT?

3. YcioBue napaieIbHOCTH MPSMBIX ?

4. YcnoBue neprneHIuKyJIIPHOCTH MPSIMBIX ?
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PA3JIEJL 5. JUOO®EPEHIHUAJBHOE UCUUCJIEHHUE

Tema S.1. [IpousBoaHast yHKIuUM
Onpeoenenue npouszsoonoll pyukyuu. I eomempuueckuti cmvici npouzsooHou. Mexanuueckutl
cmulen npou3eooroll. Ilpasuna ouppepernyuposarus. Ilpoussoonvie 0CHOBHBIX INeMEHMAPHBIX
@yuxyuil. Ilpouzsoonas crnoxcuoi gyuxyuu. Ilpouzgoonas ciodcrou GyHKkyuu u 00pammsix
mpucoHoMempu4eckux QyHkyuil. Bmopas npou3eo0uas u npouzeo0Hvle 8blCuLUX NOPSOKO8

IIpousBoanasa nu nuddepennual

Iycts ynkumus Y = f(X) ompenenena Ha mpomexyTke. BozbMeM Touky X
W3 ATOr0 IPOMEXKYTKA, 3HaueHHe (PyHKumM B 3ToM Touke Oyxer f(X) . Ecmu
aprymerry X magum mpupaineHue AX , Torma, HOBO€ 3HaueHHe (PYHKIUH OyaeT
f (X + AX) . Torna mpupamenne GyHKIUH: Ay = f (X + AX) — f (X) .

YA
f(Xp+4x%) 8 —

xY

= o / Xo ax Xo+AX

Mpomssoxuoii  ¢yrxumn Y = f(X) HaseBaetcs mpemen oTHomenms e
npupameHnss Ay K COOTBETCTBYIOIIEMY IpUpaIleHHi0 aprymenta AX mpwu
CTPEMJICHUH MIPUPAILEHUS apTyMEHTa K HyJIO (€CIIU 3TOT MPEeell CYIECTBYET)

y' = lim Ay _ lim f(x+Ax)— f(x)
Ax—0 AX  Ax—>0 AX )
O0o3HaueHus. y’ f '(X) d—y af ()
' ' ©odx’ dx

[IponsBonHas (GYHKIMU XapakTEepU3yeT CKOPOCTh H3MEHeHus (yHkiuu (B
JTAHHOU TOYKE).

Haxoxienue npous3BOHON HA3bIBACTCS Oughhpepenyuposanuem.
Eciu ¢yukius B Touke X HMeEET KOHEYHYIO MPOU3BOAHYIO, TO (DYHKIIHS
HAa3bIBACTCA QU hepenyupyemoil B 3T0l TOUKE.

Jlugppepenyuan GyHximu, 370 TIIaBHAS YaCTh MPpUpPAIICHUAS PYHKITUU

Ay dy=y'dx

57



IpaBuna nuddepenuupoBanus u Tadauma Nnpou3BOAHBIX

u, v — mudpdepenmnupyembie GyHKIUH, C— ACHCTBUTEIHLHOE YHCIIO.

L (c-u) =c-u’

uxv) =u"=Vv

(u-v)=uv+u-v

!

Iv.(u) _uwv-u-v
v v?

v. (v(u)) =v'(u)-u’

Ilpou3seoonsie ochosnvlx hynkuyuil

Ilpou3seoousie cnoxicHvix QynKyui

' '
_ -1
3 (x”):n X" 6 (") =n-u"tu
4 | (@) =a"-Ina 17 (a”) a’-Ina-u’
5 | () =¢" 18 | (e )—e U’
' 1 ,
6 | (log, x) = 19 | (log, u )_u —u
7 | (nx) == 20 | (Inu) = %
8 | (cosx) =—sinx 21 | (cosu) =—sinu-u’
9 | (sinx) =cosx 22| (sinu) =cosu-u’
d 1
1 tgx) = 2 L
0 | (i) cos” X 3 | (o ) cos’u
11 | (ctox) =7y 24 | (ctgx) =gy Y
12 | (arcsinx)’ = ! 25 (arcsinu)’ = v’
V1-x? V1-u?®
13 | (arccos x)’:_—1 26 | (arccosu)’ = v
1-x? V1-u?
,_ 1 ,_ U
14 | (arctg x) =i 27 (arctg u) L0
15 | (arcctg x)' = _12 28 | (arcctgu)’' = —u2
1+u
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IIpumep
Haiitn mnpousBogHble (QYHKIMI, HCHONB3ys MpaBwia AUPPEpEeHUUpPOBAHUI U
TaOHITY TTPOU3BOTHBIX

X

a) y:5x3+£4—2 6)y=|nx-cosx B)yze—x

X 5

Peuienue:

a)B nauane npumensiem mpaBwio |l nuddepennupoBanus (mpous3BogHAsS CYyMMBI
paBHa cymMMe Mpou3BOAHBIX). [lanee npumensiem npasuio | quddepenupoBanms
(KOHCTaHTY MOXHO BBIHOCUTHb 3a 3HaK Npou3BoAHOM). Ilpu BeIUKCIEHUU
MPOU3BOJHBIX CTENEHHBIX (YHKIHMM ymOOHO  BOCHOJIB30BATHCS (hopmylaMu
CBOMCTBa cTerneHen (cMm. [Ipunooicerue) M TPUBECTH APOOH (€CIU ATO BO3ZMOXKHO)

n o
Kk Bugy X , rme N — moboe neiicTBUTEabHOE uucio. Jladee TpHMEHsEM
dbopmyibl 3 1 1 U3 TaOJIUIIBI TPOU3BOIHBIX.
! 1A

!

Y =(5X3 +%—2j ~(6x) +(X£j ~(2) =50¢) +6(x*) - (2) =

24

X5

0)T.x. ucxonHas (yHKUMS MpeNCTaBIseT cOOOW MpPOU3BENEHUE ABYX (PYHKIIMIA:
INX u COSX, to cHawama mpumenum |l mpasuno muddepeHmEpoBanys
(npou3BojHas mpousBeacHUs ABYyX ¢GyHkuuid). Ilocme srtoro Bocmonbzyemcs

COOTBETCTBYIOMKUMU (hOPMYJIaMU TAOIUIIBI POU3BOAHBIX.

=5.3.-x*14+6-(-4) - x "' —0=15x" —24x° =15x* —

y'=(Inx-cosx) =(Inx) -cosx+1In x-(cos x) :E-cosx+lnx-(—sinx)=
X

1 )
=-cosX—Inx-sinx.
X

B)T.K. Hcxo/aHas (yHKIMS IIPEACTABIseT coboil yacTHOe NByX (pyHKumil: € u 5 ’

To cHavyasia npumenuMm |V mpaBuno auddepeHuupoBanus (IPOU3BOAHAS
yacTHOro JBYyX (yHkimii). Ilocie 3Toro BOCHONB3yeMCs COOTBETCTBYIOIIUMHU
dbopmysiaMu TaOJIHIIBI POU3BOIHBIX

,(ele(ex)’-Sx—ex-(Sx)’ _e".5' —¢".5"In5 _
V=5 | = =

ey 6
_ e”-5(1—1Inb) _ e”-(1-1Inb5)
<5X)2 5x

2—?; 0) 1~cosx—|nx-sinX'
X X

B) e“-(1-In5)

OtBer: @) 15%° -
5)(

IIpumep HaiiTu NpoU3BOAHYIO CIOKHON (QYHKIIMU

a) Y =cos(3x) 0) y= (5x4 —COS X —1)2
Pemenue:
a) Jlannas QyHkus sBiasercs ciaoxaod V(U), rae BHemnss V=COSU, a

paytpernsst U = 3X. Tlosromy mpumensiem V npasuwio auddepeHupoBaHus
u hopmyny 21 TaGaUIBI TPOU3BOIHBIX.
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y' = (cos(3x))’ = —sin(3x) - (3x)’ = —sin(3x) - 3= —3-sin(3x).
0) JanHast (YHKIOHS SIBISETCSA CIIOKHOM V(U) , TIe BHemH:Aa V = u2, a

BHYTpeHHsA U = 5x* —cosx—1 . [ToaTomy mnpumensem V  mpaBUiio
nuddepentiupoBanus U Gopmyiry 16 TabIUIBI TPOU3BOIHBIX

y' = ((5x4 — COS X —1)2) =2-(5x* —cosx—1f - (5x* — cos x —1), =
=2 (5x* — cos x —1)- (20x +sin x)
Omeer: a) —3-SiN(3X); 6) 2-(5x4 —cosx—l)-(20x+sin X)

IIpou3BoaHbIE BHICIINX MOPSAIKOB
Bropasi npou3BogHasi (IPpOU3BOAHASI BTOPOr0 MOPAIKA), 5TO MPOU3BOJHAS OT

(V) [ " !/ '
nepBoii mponseoHoii, T.e. f"=(f')
IIpousBoaHasi N-ro nopsiaka (pyHKIMH HAa3bIBACTCS IPOU3BOJHAS OT IPOU3BOIHOM

(n-1)-ro mopsinka manHoM GyHKIMK. OHa 0003HAYACTCS
!

fn) _ (f (n—l))
IIpumep
Haiitu 3Hauenne y”(4), ecmu Y =5x* —2x° +3.

Penienue:
Haxoaum noodepeaHO NEPBYIO, BTOPYIO U TPETHIO MPOU3BOAHBIE:

y' =(5x* —2x2 +5) =5-(x*) —2(x?) +(3) =5-4x° -2 2x+0 = 20x* — 4x
Y =(y') = (20x* —4x) =20-3.x* —4 = 60x* — 4

y" =(y") = (60x* —4) =60-2.x —0=120x

Brruncnsiem 3HaueHue TPEThbEN IMPOU3BOAHOM B TAHHOM TOYKE:

y"(4) =120-4 =480,
Otsert: 480 .

I'eomeTpuyeckuii 1 GU3NYECKHHA CMBICJ POU3BOIHOM
I'eoMeTpHYECKHI CMBICJI:

!/ )
[IpownsBoaHas f (X) B TOUYKE X, paBHa YIJIOBOMY KO3(QdUIMEHTY KacaTeJbHOU K

rpaduky ¢pyaknun Y = f (X) B Touke ¢ abcuuccon X, .
YpaBHeHue kacatenbHol k rpaduky pyakiuu Y = f (X) B Touke X :
y=Yo = F'(X) (X=%;)

Ipumep Haiitu ypaBHeHue KacaTeabHOM K KpuBoi Y(X) = X* +4X+5 B TOoUKE C

aberuccoit Xg = =3 .
Pemrenue: Haiinem 3nauenue Gynkiuu npu X = —3:
Yo =Y(-3) =(-3)" +4(-3) +5=9-12+5=2
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Haiinem npomssonuyro naunoit pynxuun:  Y'(X) = (X° +4x+5)' = 2x+4
Haitnem Y'(-3)=2-(-3)+4=—-6+4=-2

[ToscTaBUB MOyYEHHBIE 3HAUEHUS B yPABHEHHS KacaTeIbHOM

Y=o =F'(%) (X—X,), momyuum

y—2=-2(Xx+3), orxyna

2X+ Y +4 =0 — ypapHenue kacaTebHOM B ToUKe ¢ aberpccoil Xg = =3,

OtBer: ypaBHeHume KacarenpHol: 2X+Y+4=0,

Duznueckum CMbBICJI

o o ! o
OU3NYECKU CMBICH TPOU3BOIHOU f(t) OT HENpPEepHIBHON (DYyHKIHH f(t) B
TOYKE {;— €CTh MIHOBEHHAsi CKOPOCTh HW3MEHEHHUsI BEIUMYUHBI (PYHKUIHUH, MpHU

YCJIOBUH, YTO U3MEHEHUE apryMeHTa At CTpeMUTCS K HYJIIO.
MrHOBEHHAsI CKOPOCTh MPSIMOJIMHEWHOTO JBWKCHUS MATEPUAIIBHOM TOYKU B

MOMCHT BpPCMCHH tO CCThb IIpOM3BOJHAA OT IIYTH S 1o BpCMCHHA t B MOMCHT

4
Bpemenn {o: V=5/(t;).
MrHOBEHHOE YCKOPEHHUE TPSAMOJIMHENHOTO JBUKCHUS MAaTECPHAILHOM TOUKH B
MOMEHT BpPeMeHH t, eCTh BTOpas IMPOMU3BOJHAS OT IyTH S IO BpeMeHH { B MOMEHT

Bpemenn t,; @ =S/(t;).
HOpumep Teno asmxkercs mo 3akony O(t) = 5t° + 4t + 6t . OmnpenenuTh ero

CKOPOCTb M YCKOPEHHUE B MOMEHT BPEMEHU t=2c¢
Penienue:

Haiinem ckopocTh asukeHns: V = S'(t) = (5t3 +4t% + 6t) = 15t* +8t +6
HaiineM CKOpOCTh JBMKEHMS B MOMEHT BpeMenu [ = 2:

v(2) =15-2° +8-2+6 =82 w/c.

Haiizem yckopenne asmkenns: a=V'(t) =S"(t) = (15t2 +8t+6)' =30t +8
HaiizieM yckopeHHe IBHXEHUs B MOMeHT Bpemernn { = 2

a(2)=30-2+8=68 w2

OTBerT: V(2) =82 M/c, 3(2) =68 wm/c? .

Bomnpocs! 115 3aKpenJieHnsi MaTepuaJjia

1. Yrto Ha3bIBAIOT MPOU3BOJHON (HYHKITUN?

2. Kak BBIYHMCIUTH TPOU3BOIHBIE BBICIITUX TOPSIKOB?
3. T'eoMeTpuueckuii CMbICT TPOU3BOTHOM ?

4. ®OU3NYECKUN CMBICI TPOU3BOIHON?
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Tema 5.2. Ilpuiroxkenre Npou3BoOHOM

Hccneoosanue ghynkyuu ¢ nomowpbio npou3so0HOU.: UHMEPBAIbL MOHOMOHHOCTU U
axcmpemymol pyukyuu. Acumnmomul. Ilpumenenue emopoii npoussoonou. Hanpasnenue
svinykiocmu epagpuxa gpynxyuu. Touku nepecuba. Obwas cxema ucciedo8anust QyHKyull

Tepema (10cTaATOYHOE YCI0BHE BO3PACTAHUS (GYHKIIMM)
Ecmm mpomsBogHass muddepeHmupyeMoit (GYHKIIMA TOJOXKHUTEIbHA BHYTPH
HEKOTOPOro mpoMexyrka X , (f'(x)>0)To oHa BO3pacTaeTr Ha DTOM IIPOMEKYTKE.

Tepema (mocTaTo4HoOE YCI0BHE YObIBAHMSA PYHKIIMN)
Eciu npousBoanas guddepenuupyemoir GyHKUMM OTpULATEIbHA BHYTPH
HEKOTOpOTo npomexyTka X (f'(x)<0), To oHa yObIBaeT HA ’TOM IPOMEXKYTKE.

3HAK NMPOU3BOIHOI HA
HPOMEsKYTIe IMoBenenne GyHKIHH Y(X)
y' >0 y(X) BO3pacraer
y' <0 y(x) yobIBaeT

Touka x, Ha3bIBaeTcsl TOYKOM Makcumyma ¢GyHkuuu f(x) , ecinu B
HEKOTOPOM OKPECTHOCTH TOYKH X, BBINOJHSAETCS HEpaBeHCTBO f(x)< f(X,)
3HaueHune PyHKIMU B 3TOM TOouke f(X,) Ha3bIBACTCS MAKCUMYMOM (YHKUIMU.

Touka X, Ha3pIBaeTcd TOYKOM MHUHHUMYMa GyHkuuu f(x) , ecnu B
HEKOTOPOM OKPECTHOCTM TOYKH X, BBINOJHAETCS HEpaBeHCTBO f(x)> f(X,)
3HaueHre PYHKIMU B 3TOM TOUke f(X,) Ha3pIBAETCS MUHUMYMOM (QyHKIMH.

MakcumyM Ui MUHUMYM (YHKIIMHA HAa3bIBAIOTCS IKCTPEMYMOM GyHKIIUU

IoBenenne HaszBanue HaszBanue
GyHkuun Bo3J1€E X y ( X ) IMpumep
Touku X 0 0
y
y o) ———— ;
|
TOYKa Makcumym aKCHHyM |
y() <y(%) MaKcuMyMa byHKIIUU i
|
|
9 %‘RIOHKQMGKCWM)IMG X
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TOYKa MuHumMym
X > X HMMHMMYM
y(x) >y (%) MHHHMYMA GyHKIMH
y (%) |
9 )I(u\loqmuuuwma X
TOYKa IKCTpeMyM
IKCTpeMyma byHKIIMHN

Heo0x0aumo yciaoBue 3kcTpemMyMa. Jlis Toro, 4to0bl hyHKIUSA y = f(X) umena
HKCTPEMYM B TOUKE X, , HEOOXOIMMO, YTOOBI €€ MPOU3BO/IHAS B 3TOM TOUKE

paBHsutachk HyHO ( f'(x,) =0) WK HE CyIleCTBOBAIA.

Touku, B KOTOpPBIX NPOU3BOJHAS PABHAETCA HYJIIO WJIM HE CYIIECTBYET
HA3bIBAIOTCS KpUTHYecKMMH. Kputruueckasi Touka BOBCE HE 0053aTENIbHO SBIISETCS
TOYKOM IKCTpeMyMa.

IlepBoe 10CTATOYHOE YCI0BHE IKCTPEMYMA €CIIU IIpH IICPEXOAC YCPE3 TOUKY X,

npousBoaHas auddepeHmpyeMort GyHkuuu y = f(x) MEHSET CBOM 3HaK TO X, —
TOYKA IKCTPEMYMA, [IPU ITOM:
— €CJIM 3HaK MEHSETCSA C «1+» Ha «—» TO X, — TOUKa MaKCUMYMa,

— €CJIK 3HAK MEHSETCA C «—» Ha «1T» TO X, — TOYKa MUHHMYMaA.

BTopoe n1ocTaTouHoe yciaoBHE 3KcTpeMyMa Eciy mepBasi Ipou3BOIHASL  JIBAYKIbI
nuddepeHipyeMoit GyHKIIMU paBHA HYJIO B HeKoTopod Touke X, (f'(x,)=0), a

BTOpas MPOU3BOAHAS B 3TOM TOouke mojoxurenbHa ( f’(x)>0), TO X, — TOYKa
MHHUMYMa QYHKIUH, ecii  f"(X) <0, TO X, — TOUKa MAKCUMYMa (yHKIIUU.

y’ HasBanue
MCHJET 3HaK y'( X ) — O
0) =
c Ha XO
y
+ — TOYKa MAKCHUMYyMa
- + TOYKa MUHHUMYMa
9 xog\mqmmuuuwma X
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Boinykiocts pynkuuu. Touku neperunda

['oBopaT, uto rpaduk (yHKIUHU Y= f(X) BHINYKJbIH BBEpPX Ha HEKOTOPOM
WHTEpBaJIe, €CJIM B 3TOM HHTEpBajie TpauK pacHoyioKEH MojA JiIo0oi cBoe
KacaTeIbHOM.

['oBopsT, uro rpadux ¢GyHKIMH y= f(X) BBINYKJIbI BHH3 Ha HEKOTOPOM
WHTEpBaje, €Clii B ATOM HUHTEpBaje TpaduK pacrojiokeH Haja Jo0o0il cBoel
KacaTeJIbHOM.

JlocTaTouHOe yCJ0BHE BBIIYKJIOCTH BBepx rpaduka dyHkumu. Ecmm s
nBaxapl auddepentupyemoit pynkuuu y= f(x) BTOpas ee mpousBoaHas f’(Xx)
OTpULaTeJIbHA HA HEKOTOPOM HMHTEpBaje, TO Ipaduk 3TOH (QYHKUUU BBIMYKJIbIH
BBepPX Ha JaHHOM MHTEpBAJeE.

JlocTaTo4yHoe yc/10BHEe BBINYKJIOCTH BHM3 rpaduka ¢yHkumu. Ecou mis
nBaxael nuddepenumrpyemoit pyHkuuu y = f(x) Bropas ee mpousBoaHas f"(x)
MOJIOKUTEJbHA HA HEKOTOPOM HHTEpBAJIE, TO rpapuK 3TON (YHKUHUH BBINYKJIbIH
BHM3 Ha JJaHHOM HHTEpBaJIE.

Teopema. 10cTaTOYHOE YCI0BHE CYIIECTBOBAHUA Nepernda. Ecium mis dyHkmmm
y = f(x) BTOpas ee npousBojHas f"(x) B HEKOTOPOUM TOUKE X, oOpamaeTcss B HOJb

( f"(x,)=0 ) wm mpm mepexome dUepe3 OTy TOYKY MEHSET CBOM 3HaK Ha
IPOTUBONOJIOXKHBIN, TO 3Ta TOUKA X, ABJIETCS TOUYKOH meperuoa.

HUccaenoBanve hyHKIIMHA

IIpumep Halitn npoMeKyTKM MOHOTOHHOCTH, BBIITYKJIOCTH, TOYKH SKCTPEMyMa U
iy =X —3x7 +8x—4
TOYKU Iepernda KpuBo Y = 3 X" —9X" +0X —

Pemienue.
1) Haitnem nmpoMexxyTKu MOHOTOHHOCTH. J[J1s 5TOT0 BBIUMUCIUM MPOU3BOJIHYIO U
HalIeEM MMPOMEXKYTKHU €€ 3HAKOTOCTOSIHCTBA
!

y’:(:—lgx3 —3x° +8x—4j =%3X2 ~3-2X+8-1-0=x*—6Xx+8

HaitneM TO4YkH, B KOTOPBIX MMPOU3BOHAS pABHA HYJIIO
x> —6x+8=0
Pemast kBagpaTHoe ypaBHEHHE, MHOoday4daeMm: X, =2 U X, =4 . 3Ha4uT, B 3THX

TOYKaxX IIPOU3BOAHAA (I)YHKHI/II/I paBHa HYJIO, CJICA0OBATCIBHO, 3JTO TOYKH,
MOAO3PUTCIBLHBIC HA 3KCTPCMYM. ToO4YHO MBI BBISICHUTH CMOXCM, KOrla YBU/IHUM,
MCHACT JIM 3HAK IIPOMU3BOAHAA, ITPOXOAs YEPE3 3TU TOUKH.

' 2 “
y =X" - 6X +8 , T.K. KOpPHH HAUACHBI, TO MOXHO PAa3JI0KUTb HA MHOXXUTCJIN:

y’=(x—2)(x—4)
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[ToncraBnss m000€ 4YMCIO U3 MPOMEXKYTKA B KaXKIyH CKOOKY, IOJy4dyaeM 3HaK
CKOOKH U, yYUTBIBAsI 3TO, OMPEEIIIeM 3HAK MPOU3BOIHOMN

3HaK NpPoM3BOAHON + - +

—@ ®

MoseaeHne GyHKUUK / \ /

To4kuM aKCcTpemyma

X

y -7 npu xe(—oo;Z)U(4;+oo)
y “anpu  xe(2;4)

T.K. HpOI/I3BOI[Ha$I, HpOXOI[H qepe3 TOYKHU MCHSACT 3HAK, YTO OHHU SABJIAIOTCA TOYKAMH
IKCTPEMyMa.
Xogx =2, Xpin =4

min

2) Haiinem Touku neperu6a. J{Jisg 3Toro Haifiem BTOPYIO TPOU3BOIHYIO U
MIPOMEKYTKHU €€ 3HAKOIIOCTOSHCTBA.

!
y' = (x2 —6x+8) =2x—6
HaiizieM TOUYKH, B KOTOPBIX BTOPAsi IPOU3BO/IHAS PABHA HYJIIO
y'=2x-6
2x—6=0
X =3 - BO3MOKHAsI TOUKa Iepernoda

3HaK 2-1 nponsBogHOM - +

X
MoseaeHne GyHKLMM m 3 U

Y BbIIyKI1a BBEpX NpH X € (— 00; 3)
Y BbINyKJIa BHU3 IpU X € (3; oo)

T.k. BTOpasi MPOW3BOIHAs, TIPOXOS Yepe3 TOUKy X =3 MEHsIET 3HaK, 4TO 3Ta
TOYKA SIBJISIETCS TOUKOM meperuoa.

OTtBeT.

y 7 npu xe(-0;2)U4+0).  y>a mpu xe(2;4)

Xpex =2,  Xpin =4 - TOYKH KCTPEMYMOB

Y BhINyKN1a BBEpX nipu X € (— 00, 3); Y BbIykn1a BHU3 Ipu X € (3; 00)

X =3 - Touka mepermnba
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Oo61mas cxema ucciae0BaHus PyHKIUN U MOCTPOeHUs eé rpaduka

1. Haiitu obnacTh onpeneiaeHus pyHKINU;

2. IlpoBepuTh (GYHKIHIO Ha YETHOCTh W HEUYETHOCTHh (3aMETHUM, 4TO TpaduKh
YETHBIX (PYHKIIMH CHMMETPUYHBI OTHOCHUTENIBHO ocu  (OY), a HEYeTHBIX —
OTHOCHUTENFHO Hayasla KOOPAMHAT); POBEPSIIOT PYHKIMIO HA IEPHOANYHOCTD;

3. Haiitu Touku nepecedyeHus rpapuka ¢ KOOPAUHATHBIMU OcIMH (ocb OX umeeT
ypasrerne ¥ =0, ocs OV nmeer ypasuerne X = 0);

4. VccnenoBath (GyHKIMIO HA MOHOTOHHOCTh U HAWTH TOUYKH SKCTPEMYMA;

5. Haiitu unTepBabl BHIMYKIOCTH rpadrka PYHKIIMU U TOUYKH €T0 Meperunoa;

6. Haiitu acumnToTsl rpaduka GyHKINY;

7. Tloctpouth rpaduk.

Kommenmapuu Kk cxeme:

6) AcHMOTOTa — 3TO MpsAMas, K KOTOPOH NPHOJMKAIOTCS TOUYKHA Tpaduka
byHKIMU TpU OECKOHEYHOM yIalIeHUU WX OT Havalla KOOpJIUHAT.

BepTI/IKaJIbHaSI ACUMIITOTA X=a C€CJIn: Ilm f (X) =0  wm
x—a+0
lim f(x)=o0
Xx—>a—0
FOpI/IBOHTaJILHafI aCUMIITOTa y — b cClin. XILrPOO f (X) = b 0] 051
lim f(x)=b
X—>+00

Haknonnas acumnrota |Y = KX+ Db

lim 1) _y lim ) _

X—>—0 X X—>+0 X

lim (f()—kx)=b lim ( () —kx) = b

€CJIn

3 2
Ipumep : Vccnenosats dynximio YV =X +X —X— 1y IIOCTPOMTH €€ TpauK.
Pemienue:

uccienyeM (QyHKIHUIO [0 CXEMeE:

1. D(y)(—o0; )

2. (1) =(=x)* +(=x)" = (=x) 1=’ +x" +x-1=—(x* —x* —x +1) # y(X) #-y(X)
3HauynT, QYHKIMS HE SBISCTCS HU YCTHOM, HU HEUETHOH; T.e. (DYHKIHMs OOIIEro
BH/A.
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Takke 0ueBUAHO, YTO (PYHKIIMS HEMEPUOANIECKAS

3. Haiinem touku nepecevyenns ¢ (OX): y=0

3 2 _
X +x"—x-1=0 [lepebupas AenuTend CBOOOTHOTO YE€HA, HAXOAUM IIEJIbIE
vy QyHKIUH: X = -1 u x=1

Haiinem Touku nepeceuenus rpaduxa dyukimu ¢ ockio (0OV): x =0
y(0)=0*+0°+0-1=—1;

4, Jlng HaxOXACHUS HWHTEPBAIOB MOHOTOHHOCTH  (YHKIIMHM HaljgeM ee
' 2
MPOU3BOAHYIO: V = 3x°+2x-1,
Haiinem kputrnueckue TOUKu QyHKITUU:
2
3x“+2x-1=0.

1
Homyamm: X, =—1 u X, 25.

Haiinem unTepBaibl BO3pacTaHus U yObIBaHUS (PYHKIUU:

T
+ - + Jx

SN

y —~ npu X € (—0;—-1) u (% +00) |

2

1
y < TIpu X € (—1;5).
1
Xpex ==L, Xpin = 3" TOYKU DKCTPEMYMOB
1 5
Yoex =YD =00 Yy = Y(g) = _15 -DKCTPEMYMBI

5. Jns HaxXoXJACHHS WHTEPBAJIOB BBIMYKIOCTH rpaduka (QYHKIUHU BBIYUCIUM
BTOPYIO NPOU3BOAHYIO:

y'=6x+2

HaitneM TO4YkH, B KOTOPBIX BTOpasi IPOU3BOJAHAS PaBHA HYJIIO

6x+2=0
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1

X = _§ - BO3MO’KHas TOYKa neperuda

3HaK 2- npon3BOAHOM

X
MoBeaeHne GyHKUUM m u

3
1
Y Beimykia BBepx npu X €| T — 3
1
Y Beimykia BHU3 pu X €| T 3’ o
1
T.x. BTOpas NPOU3BOAHAsA, IPOXO/Is YEPE3 TOUKY X = 3 MEHSET 3HaK, 4T0 OTa

TOYKa SBJISIETCA TOYKOMU meperuoa.

6. ACUMIITOT HET;
7. IToctpoum rpaduk:

y=x3+x2—x—‘l

Bomnpocs! 115 3aKpenJieHnsi MaTepuaJjia

1. CBs13b NIPOU3BOJHON U BO3pAacTaHHEM (PYHKIUHU (HEOOXOIMMOE U 1O0CTaTOYHOE
yCIJIOBHE BO3pACTaHUs PYHKIUN)?

2. CBs3b MPOM3BOIHON U yObIBaHHEM (PYHKIINU (HEOOXOAMMOE U IOCTATOYHOE

yclioBHE yObIBaHUSI QYHKINN)?

Yrto Ttakoe 3xkcTpeMyM (PyHKIIUU?

Heobxoanmoe 1 J0cTaTOYHOE yCIIOBUE MaKCUMyMa (PyHKIIUN?

HeoOxoaumoe 1 10CcTaTOYHOE YCI0BHE MUHUMYyMa (PYHKIMN?

JlocTaTo4HOE YCIOBUE BHITYKIOCTH BBEPX?

JlocTaTo4HOE yCIIOBHE BBITYKJIOCTH BHU3?

JlocTaTouHOE yCIIOBHE CYIIECTBOBAHUS TOUKH Mepernda?

N Ok oW
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PA3JIEJI 6. UHTET'PAJIBHOE UCYUUCJIEHHUE

Tema 6.1. HeonpeaesaeHHbIN MHTErPa

Ilepsoobpasnas u neonpedenennsiti unmezpain. OchogHbvle C80UCMBA HEeONPeOeleHHO20
unmeepana. Tabauya unmezpanos. Memoovl unmezpupo8aHus. HenoOCPeOCmMeeHHoe
UHmMezpUposaHue, Memoo PasziloHiCeHuss, Memoo 3amMeHbl nepeMeHHOU.

HeonpeneaeHHbI HHTErPAJI

[Ipy  wmHTErpMpoBaHUU byHKIIMt ~ pemaeTcss  3amada, oOpaTHas
muddepeHnupoBannto  GyHKIHWA, a WMEHHO, @0 3aJaHHOW MPOW3BOJHOU
BOCCTAHABJIMBAETCA Ta QYHKIIM, KOTOPYIO IIpoanddhepeHIINPOBAIIH.

@Oynkmus F(X) HassiBaeTcs mepBoodpasHoii s dyaknum f(X) HA nanHOM
TIPOMEIKYTKE, €CJIM Ha STOM MPOMEXKYTKe BhimonHserca pasencteo  F (X) = f(X).

Teopema: Ecim ¢ynknus F(X) sBusercs mepBooOpasHoit it ¢ynknuu f(X) Ha
HEKOTOPOM MPOMEKYTKE, TO MHOKECTBO BCEX NMEPBOOOpa3HBIX sl (PYHKIMU Ha
3TOM IpomesxyTKe 3axaercs popmynoin  F(X) + C

rue C— mr000€e NEeHCTBUTEILHOE YHUCIIO.

Bripaxxenue F(X)+C Ha3bIBacTCS HeonpeoeieHHbiM UHmMezpanom OT GyHKIUU
f(X) m 0003HaYaeTCSI CHMBOJIOM

jf(x)dx:F(x)+C

YUTACTCS: KUHMe2PAJl 3¢) Om UKC NO 03 UKCH
[ - 3Hak waTerpana;

X — [IepeMEHHas! HHTETPHPOBAHHUS

f(X) — mogpIHTErpaNbHAS QYHKIINUS,

f(x)dX — moxbIHTErpaTbHOE BBIPAXKCHUE.

HNuterpupoBanue— oThiCKaHue JJisi GYHKIIMU BCEX €€ EPBOOOPA3HBIX.

IIpumep:
Jns pynkuun  f (X) = 2X nepBooOpa3HBIMU SIBISIOTCS MHOXKECTBO (YHKUMNA BUJA

F(x)=x*+C, 1k (x2+C)=2x.
2
Te. JZxdx:x +C

CsBoiicTBa HEOIIPECACJICHHOI'0O HHTEIrpaJjia.

1. [mf(dx=m[f(x)dx, ~m=0
2. j(f (X) £ g(x))dx =I f (x)dxijg(x)dx
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Tadauua MHTErpajioB OCHOBHBIX JIEMEHTAPHBIX PYHKIUA

1| fdx=x+c 8 — =1gx+cC
J C0S“ X
. Xn+l . dX
2. | X"dx=—-+cC;n=-1 |9 —— =—Ctgx +C
) n+1 Jsin” x
e dX - dx 1 X
3. [—==In|x+c 10 | | 5—— =—arctg—+c
J X Jx*+a° a a
. X e dx 1, la+Xx
4. [a*dx=2—+c 11. — =——In |+c
A In a a‘—x° 2a a—x\
* c  dx
5 |e*dx =eX +¢ 12. —=In‘x+\/x2+a2 +C
’ “x?+a’
.. ¢ dx . X
6.| |SinxdXx =—cosX+cC 13. - arcsin—+¢
o o a —X a
7. [ cos xdx =sinx+c¢

MeToa NoACTAHOBKH (3aMeHA MepeMeHHOMH)

Cymb smoco memooda cocmoum 6 mom, 4mobwl 66e0si HOBYIO NEPEeMEHHYIO,
NOYHUMb UHME2PAT, Nep8ooOPAsHAs KOMOpPo2o JiecKo Haxooumcs. B ochoenom,
Ol Kajco0020 KOHKPEMHO20 UHmMe2pala 3aMeHad NepeMeHHOU (noOCmAaHo8Ka)
noobupaemcs UHOUBUOYATILHO.

Heo0xoauMo BBIYHUCIUTE UHTETPA If(x)dx, UCIIONB3Ys MOACTAaHOBKY X = @(t) -

sTa (QyHKIMS WUMeEeT HemnpepbiBHyo mnpoussoanyo. Torma f(X) = f(e(l)) ,
dx = ¢'(t)dt . @opMmyIia 3aMEHBI IEPEMEHHON B HEOIIPEICIICHHOM UHTETrPAJIE:

[ £(9dx =] f (pt)e' )t

IIpumep
BbluncnuTh HEOINpeAeeHHbI WHTErpajl HEMOCPEACTBEHHBIM HHTETPUPOBAHHEM,
T.€. C IOMOIIbIO CBOMCTB MHTErpajia U TAOJUIbI HHTETPAJIOB

I(sz — x+E —8jdx
X
Pemenue:

[IpumensieMm 2-e¢ CBOWCTBO HEOMPENEIEHHOTO WHTErpajia U pa3OrMBaeM HCXOHBIN
WHTErpajl Ha CymMMy TpeX uHTerpanoB. Ilocie 3Toro mpumensiem l-e CBOWCTBO —
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BBIHOCHM TTOCTOSTHHBIN MHOXHTENb 3a 3HaK MHTerpana. [locne storo nmpumensem 1-
10, 2-10 ¥ 3-10 (hopMyIbl TaOIUIBI HHTETPAIOB.

J(sz —X+§—8jdx =5!x2dx—jxdx+21%—81dx =

3 2
:Si—x—+2|n‘x‘—8x+czgx3 —%x+2|n‘x‘—8x+c

3) 1
Orper. —X° —Ex—k 2|n‘x‘ —8x+c
. dx
IIpumep BuluucanTh HEONPEAEIEHHbINA HHTErPal METOIOM MOACTAHOBKU J Y
Pemenue
J' dx
1-3x
IIycts U=-3X.
1
Iponnddepenuupyem obe vactn:  du=-3dx = dx= 73 du
T _[ —j 3 u——— d—u——lln\uhc——lln\l—sxhc
o - 3x u 3 3

Omer. ~5 In\l— 3x|+c¢

TIpumep BrauciuTh HEONpPEIEIEHHbIH HHTErPal METO/IOM NOJACTAHOBKH | \/SL
X_
[ q 5x —1=> du = 50 = dx = =d
U=5x—-1=du=5dx = dx==du
Vox—1 T 5

Hpoz[mb(pepeHquyeM oGe wactm: du=5dx = dx= = du

du
_—Iu 2du—1 +C g\/U+c=E 2X—-3+¢C
5 5 5

Torna '[\/T IS

N‘H‘ N

OTBeT. % 2X—-3+¢C

Bomnpocs! 115 3aKperJieHns MaTepuaJjia

1. Yro Ha3bIBaIOT NepBooOpazHoi GyHKIUNU?
2. UTto Ha3bIBAIOT HEOMPEICICHHBIM HHTETPAIOM?
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Tema 6.2. OnpeneieHHbIA HHTETPAJI
Ionamue onpedenennozo unmeepana. Ceoticmsa onpedenenno2o unmezpana. 3adaua o
HaxooicoeHuu niowaou kpusoautetinou mpaneyuu. @opmyna Hoiomona-Jletionuya. Boiuucienue
onpeodenenHo2o unmezpana. Beiuucienue niowaodei niockux gueyp. Beiuucienue
2e0MempuUyecKux, MexaHudeckux, U3U4ecKux 8eIuyut ¢ NOMOubIo OnpeodeseHHo20 unmezpana.

OnpeneJIeHHbIN MHTErpaJ

Iycts pyukuus T(X) onpenenena na orpeske [a, b].

Pazobbem otpe3ok [@, b] ma N wacreit Toukamu

a = Xg<X1<X;< ... <X,= h.

BeIGepeM Ha KaKIOM 3]IEMEHTaPHOM OTpe3ke [Xi.1, Xk] MpousBoibHYIO TOUKY
&m 06031aunM 3a AXy JUIMHY 5TOTO OTpE3Ka.

y
0 T —
S I —
JA0 [ — o= |
X, =d ézl 952 X, X, ‘fn h=x ]
N v I\ N J H_J
Ax, Ax, Ax,

Humezpanvnoii cymmoii nis pynxuun f(X) na [@, D] nasweisaercs cymma suna:

S F(E)A% = F(E)A% + F(E)AX, +..t F(£)AX,

Onpeoenennvim unmezpanom or Gpynkuuu f(X) ma orpeske [@, D] wasbBaercs
Ipelnesl HHTErPalbHBIX CYMM IIPH YCIOBUHM, 4YTO JJIMHA HauOOJBILETO M3
3JIEMEHTAPHBIX OTPE3KOB CTPEMUTCS K HYJIO.

(m.e onpedenennviii unmeepan — smo YUCJIIO)

j'f(x)dx: lim Ozn:f(gk)Axk

max Ax, —
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OcHOBHBIE CBOIICTBA ONPEACJICHHOI0 HHTErpaJja

b b b
1. j(f (X) £ g(X))dx = j f (x)dx + j g(x)dx
, - )
2. j mf (X)dx = m j f (x)dx
) .
3. £ (x)dx == f (x)dx
a b
4. j f (x)dx =0
s c b
5, j f (x)dx = j f (x)dx + j f (x)dx
a, b, ¢ — moObie ToukK mpoMexyTka HenpepbiBHOCTH f(X)

BorunciieHne onpeaeieHHOr0 HHTerpaJia

Iycrs F (x)- HekoTopas nepBoodpasHas ot ¢pynkuu f(X) Ha [a, b].
J1J1sl BBIUMCIICHUS ONIPEICIICHHOTO HHTErpaia IPUMEHSCTCS

dbopmyiaa HpiotoHna - Jleiioauma:

IIpumep
3

o 2
BbraucnuTh onpeeeHHblil HHTerpai: I(GX —4x+ 1)dX
2

Penienue:

Breluncnsem  ompenesieHHbIM MHTErpall MO BCEM MpaBUjiaM  BBIUMCICHUS
HEOMpeAeICHHBIX UHTETPAJIOB, a TTocie npuMmeHsieM ¢popmyny HreroTona-JIeitonuna.

; X X2 3
!(6x2 —4x+1)dx:(6?—4—+ x] ,

2
=(2.3°-23243)-(2-2° - 2:22+2)=(54-18+3)— (16 8+ 2)=39-10 = 29

3
= (2x3 - 2x2+x} )=

Otser. 29
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KpuBosinHeliHOM Tpameunuei Ha3bIBACTCS
wiockas Qurypa, orpaHuyeHHas TpaduKoM

HEKOTOpOH  (PyHKIUH y=Jx ,

IIpumeHeHne onpene/ieHHOr0 HHTErpaJia
K BBIYHCJEHUIO MJI0IAH IUIOCKUX PUTYP

QX OPSAMBIMH , * — b.

OrnpenesieHHbIA UHTETpal UCIOIb3YETCS TIPU
BBIUMCIICHUN IUIOLIAJAEH KPUBOJMHEHHBIX

Tpamneumi.

Yeprex

Onucanue

DopmyJsia MJIOIAIN

| y=fe)

xa S

KpuBonuneiinas Tparmnerus,
OTpaHUYECHHAsl KPUBOU Y =
f(x), ocero OXu mTpsMbIMU
X=a, X=Db nexur Hang
ocbto OX.

S :T f (x)dx

KpuBonuHelinas Ttpanenus,
OrpaHUYCHHAs] KPUBOHY =
f(x), ocbroOXu mnpsMbIMU
X=a, X=Db nexur moxg
oceto  OX

S= —_T f (x)dx

I'paduk byHKIIIN
y = f(X) nepecekaer ochb
OX B HECKOJBKMX TOUKAX.
Qdurypa pa3zbuBaercsi Ha
YacTH, KOTOpbIE  JIeXKar
MOJIHOCTRIO JIMOO HaJ[ OCHIO
OX mu0o TONHOCTBIO MO
ocei0 OX. Brramcnsrorcs
wiomaan d3Tux ¢Guryp u
CYMMHPYFOTCSI.

S=S5,+S,+S,

= N
AN

®urypa orpaHuyeHa
CBepXy rpagukom

¢yukimu T, (X), a cauzy
rpadukom pyrkimn T, (X)

S = | (f,(x)=Tf,(x))dx

D e T
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IIpumep

C moMOIIIbIO ONIPEJICICHHOTO HHTETPaJIa HAWTHU TUIOMAAh GUTYPBI, OTPAHUYECHHOM
JIUHUSIMH Y =2X+2, y=0, x=-2, x=1
Pemenne:

Haitnem aGcruccy TOUYkH, B KOTOPOU (PyHKIIHS
nepecekaet och OX.

Jl1s1 aTOrO TIpUpaBHAeM GYHKIUIO K HYJIIO:
2x+2=0, 2(x+1) =0, x+1=0, x=-1

Hckomass ¢Qurypa  BbaeneHa Ha rpaduke
MTPUXOBKOU. YacTh QUTYpHI JEKUT MOJ OCBIO

OX (mycTh TUIOMAAL ATOW YacTh Sl ), 4acTh

Haj ocbio OX (MycTh TI0MAas ATONW YacTh S, ).

Torpga miiomanb Bceil HICKOMOW (pUrypbl OyaeT
cyMMa 3THX miomazneit: S =39S, +35,

Haiinem S, :
S, = —f(zx +2)dx = —((x2 + wa = ((1-2)-(4-4)=~(-1D)=1 5 en
Haﬁz[e;SZ :
S, = j'(2x+ 2)dx = (x* + 2x*11: 1+2)-(1-2)=3+1=4 xgen

3

Torna, nnomans uckomoit purypsr: S =S, +S, =1+4 =05 kp.en.
OtBeT:5 KB. €.

Bonpocs! 1S 3aKpenJieHus1 MaTepuaJa

1. Yto Ha3bIBAIOT ONpEAEIECHHBIM HHTETPAIOM?

2. Ilo xakoil popmysie MPOUCXOAUT BBIUMCICHUE ONPECIIEHHOT0 UHTErpasia?

3. Kakoe nmpumMeHeHue onpeeeHHOT0 HHTErpaia K BbIYMCICHUIO TUIOIa 1
II0CKUX puryp?
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PA3JIEJL 7. JIMOOEPEHIIUAJIbBHBIE YPABHEHUSA

JIinddepeHnnaapbHbIe VPABHEHHUS MEPBOT0 MOPSIKA C

PasACIAIINNMHUCH IICPECMCHHBIMU
Jugepenyuan gynxkyuu. 3adauu, npusodswue Kk ouppepenyuanvrvim ypasuenuim. Ilowsmue o
ougpepenyuanvnom ypasnenuu. Jupgepenyuanvrsie ypagueHus ¢ paz0ensiouumucs
nepemennvimu. Obwue u yacmuvle peueHus.

OO6muit Bun quddepeHIanbHOr0 YpaBHEHUS: FOXy, Y, y'..., y”) =0
O6ee pemenne auddepenmuansaoro ypasuenns: Y = f(X,C;,C,,...,C,)

F(x,y,y)=0

OGuiee perrenne IuphepeHIHAIHOr0 YpaBHeH:s nepBoro mopsaka: Y = f (x,C)
Memoo pewenus:

OO6uuit Bua quddepeHIanTbHOTO YpaBHEHHsI IEPBOTO MOPSIIKA:

dy

1. 3amenumos Y na &

2. Pazoenumv nepemennvle
3. Ilpounmeepuposams 0be uacmu pageHcmaa.

[Ipumepsr:
1 2 3 4
y=1(X) | Y =a(y) | #NY+TX¥=0 | gy +fXaly)=0
d d d d
d_i — f(x) d—i =p(y) | DT =100 | S0P == (ely)
dy="f(odx | dy _ | #Ody=—F(gdc | W), 109,
[y =[foodx | #0Y) [edy=—[ t(odx | @) #(X)
dy ~ (g JMdy = — de
J ) = [ dx o(y) P(X)

Mpumep. SBisiercs i peurerneM mddepenumansaoro ypasrerns Y + Y =1+ X

GyHKIMS y(x)=e" +X2

Pemienue:
—X ! —X

Haiizem nponssonnyio pysxmmu Y(X) =€ +X: Yy =-e7 +1
[MToxcrasum Y u Y' B YpaBHECHUE Y’ +y=1+X:

—e “+1l+e " +x=1+X;

1+x=1+X .
[Tonyunan TOXKIECTBO: l+x=1+X.
3HaunT,  QyHKIHA y(X) = e +X  spusercs pEIIEHNEM  HCXOIHOTO

muddepeHnnaaTsHOTO YPaBHEHHUS.
OtBer: sBNsAETCS.
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IIpumep Haiitu o6mee pemenne aud.ypaBHEHUss TIepBOro Tmopsaka C
pa3aESIOIIMMUCS IEPEMEHHBIMMU.

y_1
ex y2
Peuienue:
' dy
1. 3amenum Y Ha -, TOMYHHM:
dy 1_1
dx e* y?

2. PaznenuM nepeMeHHbIE, MOJIy4YUM:
ydy =e*dx

3. [IpounTterpupyem 06€ 4aCTH paBEHCTBA:

J' y2dy = je‘xdx,

3

y

X
" +C  orciona

y=%3e*+C
Otger: Y = ¥3e*+C

JIMHelHbIe 0THOPO/AHbIEC YPABHEHHSI BTOPOI0 MOPS/IKA C

NOCTOAHHBIMHY KOG dULMEeHTAMH
Onpeodenenue TuHetiHo2o0 00HOPOOH020 OUDhepeHYUATIbHO20 YPABHEHUS BMOPO20 NOPSOKA.
OcHosHble MemoOobl peutenus

OO6mmii Bua qud@epeHnanbHOro ypaBHEHUs! BTOPOro MopsiiKa:
F(xy,y,y") =0
O6miee pemenue AudPepeHImarTLHOro ypaBHEHUSI BTOPOTO MOPSIAKA:
y=1(xC.C,)
Jlunelinpie onHOpoAHbIC TuddepeHInanbHble YPAaBHEHUS] BTOPOTO TOPSJIKA  C
MOCTOSIHHBIMU KO3 pHUItmeHTamu:

y”+py’+qy=09 roe P, g — const

Penienuss Takoro YPAaBHCHUA HaAXOAATCA IIPpH IIOMOIOMW XapaKTCPUCTHYCCKOIO

YPaBHEHUs, KOTOPOE IMOJYYAETCS M3 JAHHOTO 3aMEHOW MPOU3BOJHBIX Ha A B
COOTBETCTBYIOIIEH CTEIICHH:

A +pi+q=0
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I/I, B 3aBUCHUMOCTH OT KOpHeﬁ 9TOr'0 ypaBHCHHU, 3alIMCBIBACTCS 06H_I€€ PCUICHUC!

KOPHM xapakmepucmuueckozo

ypasHenus Obwiee pewenue
JeincrBurenbHpie pasHeie (D > 0) } )
A, A y=C,e" +C,e"
! 2

[eiictBurenpHble paBHbIE (D = 0)

A=A =2 y:Cle“+x-C2e“

[Tapa KOMIUIEKCHBIX COMPSIAKECHHBIX
yucel (D <0)

A=a+pi, 4 =a-pI

y =C,e“*cos S x+C,e”"sin Sx

Ipumep Haiitu oGuiee pemenue qud.ypaBHEHUS BTOPOTO MOPsIIKa
a) y'+y —-2y=0, ¢6) y"+8y'+16=0 1) y"-2y+5=0
Pemienue:

a) y'+y -2y=0

CocTaBUM XapaKTEepUCTUUYECKOE YPAaBHEHUE U HAlJIEM €ro KOPHHU:
A +21-2=0

D=1+8=9>0
/11:—1+\/B:—1+3:1’ /12:—1—\/52—1—3:_2
2-1 2 2-1 2

T.K. KOpHU XapaKTEPUCTHYCCKOTO yYpaBHEHUS — JIBa Pa3HBIX JICHCTBUTEIIBHBIX
uycia, To o0Iee penienre qud.ypaBHEHHS UMeeT BUa: Y — Cleﬂlx + Cze/le :
Moxcrasus 4 u Ay, monyanm: Y = Clex + Cze_zx

6) Y +8y'+16=0

CocTaBuM XapakTepUCTHUYECKOE YPAaBHEHUE U HAMIEM €TI0 KOPHU:

A2 +81+16=0

D=64-64=0
++/D
2-1 2
T.K. KOpHI/I XapaKTepI/ICTI/III€CKOFO ypaBHeHI/ISI — JaBa OIMHAKOBBIX

NeHCTBUTENLHEIX YHMCIA, TO oblee pemieHue aud.ypaBHEHHS HMeEeT BHI:
AX AX 4x 4x
y=C,e” +C,Xe™ Toncrasus 4, = 4,, noayunm: Y = Ce” +C,xe
B) V' -2y+5=0
CocTaBMM XapaKTEPUCTHUECKOE YPABHEHHE U HAMIEM €ro KOPHH:

78



A*-22+5=0
D=4-20=-16<0

%=2+\/E.|:2+4|=1+2i’ /1222_\/E.|=2—4|:1_2i
21 2 21 2
T.x. KOpHH  XapaKTCPUCTHUYCCKOIO  YpaBHCHHA —  JIBa  COIPSAKCHHBIX

xommiexcupix wucna 4 =+ A, b =a—B mea=1a =2 10
obmiee penrenue au¢.ypaBHEHHS UMEET BHL:

y=C,e“"cos fx+C,e**sin fX.
[loncraBup & =1lu ﬂ =2 , ToyuuM: Y = Cle X COSZX+C2e *sin2x

Omeer: a) Y=C,e*+C,e ™, 6) y=Ce™+C,xe"p)
y=C,e”cos2x+C,e”sin2x
Bonpocsl J14 3aKkpenieHus MaTepuaja

1. Yto 3HAYUT «paszdenumsv nepemeHHbvle)?

2. Kaxk cocTaBuTh XapaKTepUCTUUECKOE ypaBHEHUE?

3. Kaxkas cBsi3b MEXTy KOPHSIMH XapaKTEPUCTUUECKOTO YPABHEHUS U BUIOM
oO1ero pemenust 1ud.ypaBHeHUs 7
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PA3JIEJI 8. PA/IbI

Yucnosvie paovl. Heobxooumvlii u 0ocmamounbwlil NPUHAKU CXOOUMOCMU PAOA.
3uaxonepemennvle u 3naxouepedyrowuecs psaovl. Ilpuznax cxooumocmu Jleubnuya ons
3HaKouepeoyrowuxcs psoos. Cmenenmnvie psaovl. Paznoocenue gynxkyuii 6 cmenentole psovl.
Buviuucnenue onpedeneHHbix UHMe2paios ¢ HOMOubIo cmeneHHvlx psaoos. Paovl Qypve.
Tpueonomempuueckuii pso @ypve. Paznoocenue 6 pso Pypve yHkyuu, 3a0aHHOU 8 NPOMEICYMKE
0< X< 2x. Paznoocenue 6 padvt Dypbe HeKOMOPbIX QYHKYUL, 4ACMO 8CMPedarujuxcs 8
91eKMpomexHuxKe.

YucyioBpie psaabl
I'II/IC.]'IOBbIM pﬂHOM Ha3bIBACTCA BBIpa}KeHI/IC

da,=a,+a,+...+a, +...
=1

IIpumep Zn=1+2+1+4+... 21:14_&_;_14_1_'__”
n=1 , n:ln 2 3 4

3HAKONOJIOKUTENbHBIH  PAX — PAJd, COCTOSLIMI W3 IOJIOKUTEIBHBIX YJICHOB
(npenpinyIve NpuMepsl)

3HaKo4YepeayOIMIACH PAX — Psill, 3HAKK WIEHOB KOTOPOI'O CTPOrO YEPEAYIOTCS.

= (-1)" 1 1 1
s ;T=—1+———+——...

CxoaumocTs psiioB
YacTu4yHON CyMMOH psiia HA3bIBAETCS CyMMa IEPBBIX N YIEHOB psAaa

S,=a,+a,+...+a,.
YucnoBor psiJi HA3bIBACTCS CXOASUIMMCS, €CIIU !'_To Sn =3 (T.e. TIpenen paBeH

KOHeYHoMy unciy). Eciu L'IDO Sh =%, 10 PsA HAa3bIBACTCS PACXOAAIUMCS.

3HaKONEPEMEHHBIN Pl HA3bIBACTCS A0COJIIOTHO CXOAALIUMCH, €CIIU CXOOUTCS P,
COCTOSIIUA M3 €ro a0COJIFOTHBIX BEJIMUUH.

Ecnu 3HakomepeMeHHBIN psii CXOAMTCS, a PSSl U3 €ro aOCOJIOTHBIX BEITUYHH
PacXOUTCS, TO 3HAKOIIEPEMEHHBIN PsiJl HA3bIBAETCS YCJIOBHO CXOASIIIUICS.

IIpu3HaKH CXOAUMOCTH
1. Ilpu3nak Jdanambepa. (11 3HAKOMOJOXKUTEIBHBIX PSJIOB)

0
ITycTh naH 4nCI0BOM 3HAKONOJIOKUTEIBHBIA P Z a,
n=1
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| >1, pso pacxooumcs
. a
lim =L — | | <1, pao cxooumcs

n->o g
" | =1, mpebyromes dononnumenvhvie ucciedosan us

Ilpumep. UVcnone3dys mnpusHak JlamamOepa wuccinenoBath Ha  CXOJAMMOCTh
0 n
10
3HAKOMOJIOKUTEIbHBIN PSJT n!
n=1 -

Pewenue:
_1o" 10" 1010
nt "™ (n+1)! ni(n+1)
a,, 10-10" n 10

a

n

Haifem OTHOIIIEHHE a, - nk(n +1) ) 10" n+1

lim 22— im 29 _g <1

HaitneM npenen n_q0 a n—w N4+ 1 , 3HAYUT, M0 MPU3HAKY
n

Janambepa, psii CXOIUTCA.
Omeem:. psAIl CXOIUTCS.

2. Ilpu3nak cpaBHeHH. (/1151 3HAKOTIOJIOKUTEIIBHBIX PS/IOB)

0 e8]
HyCTb JaHbI IBa 3HAKOIIOJOXKHUTCIBHBIX psaaa Z an u Z bn TaKHe, 4To an < bn ,
n=1 n=1

TOTJa

o0 0
1) cClin Z an pacxoauTcsa, TO PaCXOJUTCA U Z bn ;
n=1 n=1

o0 [0}
2) ecnu Z bn CXOJIUTCS, TO CXOAUTCS U Z a,

n=1 n=1

3. Ipusnak JleitOHuua (1151 3HaKOYEPETYIOMIUXCS PSJIOB):

o0

Ecnu AJIs1 BHAKOUYCPCAVYIOMICTOCA psjaa Z an BBIITOJIHAIOTCS YCJIOBUA
n=1

a) WICHBl psiJla MOHOTOHHO YOBIBAIOT MO a0COJIOTHOW BEJIHYHHE, T.C.
la,| > [a,| >|ay| > ...

limla,|=0

0) oOIMi WIEH CTPEMUTCS K HYJIIO, T.€. oo
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TO psiZl CXOAMTCH U CyMMa psifia HE MPEBOCXOAUT MO a0COIOTHOMY 3HAUEHUIO
aOCOJIIOTHOM BEJIMYHMHBI IEPBOTO YJICHA.

Ecnu xotst ObI OIHO YCJIIOBHUC HC BBIIIOJIHACTCA, TO P PACXOAUTCH.

Ipumep. C mnomompio npu3Haka JleiOHMIIA wuccleqoBaTh Ha CXOJIUMOCTD
o0
Z (_ 1)n 1
3HAKOYEPEAYIOLIUICA PALL
Pewenue:

_1 ‘a‘._jk
15 %19

OueBUIHO, YTO ‘al‘ > ‘ag‘ > ‘a3‘ > .... T.e. ueHbl ps1a MOHOTOHHO YOBIBAIOT 10
a0COJIFOTHOM BEJIMYUHE.

Ilm‘an‘:llm—: —)=0
0) noow n—>o 4N+ 7 o0
Tak kak o0a ycnoBUs BBINOJHSIOTCA, TO MO Npu3HaKy JleiiOHMIIAa IaHHBIN

3HAKOUEPEAYIOIIUUCS P CXOAUTCH.
Omeem: pAl CXOOUTCS.

1
a) ‘al‘ 11 ‘az‘

CTenneHHOM PAI

o0
n
. ) E a_ X
CreneHHoM psa UMECT BU: n
n=1

OO0JaCThIO0 CXOAMMOCTH CTENEHHOTO Psi/ia Ha3bIBAETCS COBOKYITHOCTh BCEX X,
IIPU KOTOPBIX ATOT PSJT CXOAUTCHL.

OTa 001acTh ABIISIETCS CUMMECTPUYHBIM MHTEPBAJIOM OTHOCHUTEIIBHO X = 0 Ha

yucioBoit ocu (-R,R), rie R — paauyc cX0aMMOCTH CTENEHHOT0 Psijia, KOTOPHIH
BBIYHUCTIsICTCS 110 popMyrie:

R = lim
A,
© "
IMpumep. Haiitu 0651aCTh CXOMMOCTH CTENEHHOTO psia Z 15"
Pewenue: :
4 11

a =
" oq5" ™ 5™ 15" 15
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a, _ 1 15"15 .

Halinem oTHOIIeHHE a., 15" 1
i a, .
Hai lim =lim15=15
auJIeM npeaen n—>w g 00
n+1

3Ha‘{I/IT, paanyCc CXOOUMOCTH R :15 . HonyqaeM, qTo HCXOHHBIﬁ CTCIICHHOM

psia cxoauTes B npomesytke (—15,15)
Omeem:. cxomutcanpu X € (— 15, 15) :

Pa3zaokenne GyHKINN B CTeNEHHbLIE PSAABI

Psan Tensiopa

Psanom Teinopa nns GpyHkuuu f (X) massiBaercs crenennoit psAx BUAA
f (M
(x—a) +..+ (a)(x—a)”+...

+ f m(a)
3 n!

f(x)=f(a)+ f'(")ix_“)m f"z(!“) (x—a)

Psinx Makiopena

Ecnu pynkius f (X) onpezeneHa npu X = 0, u umeer B Hei HEIPEPBIBHBIC
MIPOU3BOIHBIC JIFOOOTO TOpAJKA, TO €€ MOXHO MPEACTaBUTh B BHJIE CTEIIEHHOTO

psina, KOTOPBIN Ha3bIBAIOT psitoM MakiopeHa (psa Teittopa npu a = 0):
f m O f (n) 0
+ E ) 3 +...+#xn +...

f'(0 f"(0
f(x)=f(0)+ ©, 10,
il 2! n
Paznoxxenue B psaag MakiiopeHa HEKOTOPBIX dJIEMEHTAPHBIX (DYHKITUM .
Obaactb
DyHKUUA Psax MakJiopena CXOTIMOCTH
2 3 X"
y I+ X4+ —+—+...+—+...
e = ! n! (—o0,+00)
X3 X5 X7 ( )n—l X2n—1 .
sinx = 3 5 7 (2n-1r (=00, +00)
2 4 6 2n-2
X* X" X X
-t ——— () ——
COS X = 21 41 o (2n-2)! (—o0,+00)
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mX+m(m—1) W44 m(m-1)...(m—-n+1) N

a+x)m =1y 21 a n! (-11)
3 x5 X! N y 21
arctgxz X—?+€—7+...+(—1) 12n_1+... (_1’1)
2 3 4 n
x> x> X -
X=—+———+...+(-1D) " —+...
In(1+x) = 2 3 4 (-1 n (—1,1]

5
Ipumep. Pa3noxuts GyHKIHMIO B psig Makinopera Y = € "
Pewenue:

Jna pysxupn Y = e” imeem pasnoxKeHue:
) x> x° X"

" =14+ X+—+—+...+—+...
2 ! n! !

Toraa A GyHKuuu Y = e Pa3IoKEHUE TIONYYUM M3 TIPEALIAYLIEr0, 3aMEHHB
X Ha 9OX:

2 3 n
e5X=1+5x+(5X) +(5X) +...+@+...
2l 3l n! i
2.2 3,3 n.n
e‘r’X:lJr5x+5 X +5 X +...+5 * L.
3! n!
52x% 53x3 5" x"
5x
Omeem- € =1+DX+ o + 3 +...t O +..
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TpuronoMmerpnueckuii paax Pypbe

Tpuronomerpuueckum psagom Dypee s GyHKUIUU f(x) s IPOMEXKYTKE
u3Menenuss aprymenta O0< X <27z (unmm — 7 < X < 7 ) Ha3bIBaeTCs PsJI BUIA

ao > -
f(x) ==+ (a,cosnx+b_ sinnx)
n=1
rac
g, &y, 8y,...,8,,...,00, 0,0y, ..., 0., ... —xO03PPUYUEnMBI DYpUE.

OyHKIUA f(x) - HePUOANIECKAs C IEPUOJIOM 27T

TpuroHoMeTpudecKkui psifi AOCTATOYHO PACCMAaTpUBATh TOJIBKO JUIS 3HAYEHUHM X B
npoMexytke O<X <27 (umu —7Z <X<7 ), T.K. 3a IpeaejiaMH YyKa3aHHOTO
IIPOMEKYTKA 3HAYEHUN apryMEHTa BEJIMYMHA KaXKI0I0 4YjIeHa I1Ja IEpUOJANYECKU
IIOBTOPSAETCS.

PasnoxxeHne (yKHUIUUM, TNPEACTABISIONIENH CIOKHOE MEPUOJUYECKOE JIBUKEHHUE, B
TPUTOHOMETPUUYECKHUI Psii UMEET BaXKHOE 3HAUYEHHME a MPUKIAIHBIX Haykax. Takoe
pa3NoKEeHHE B TPUTOHOMETPUYECKUH Psi/i Ha3bIBAETCS TAPMOHUYECKUM aHATU30M.
YToOBl Ppa3NOKUTh MEPUOAUYECKYIO (YHKIIHIO f(x) ¢ nepuogoM 27 B

TPUTOHOMETPUUECKHUI pANl, HY’)KHO HAWTU KOA((UIMEHTHl 3TOro psAna, KOTOphIE
BBIYHCIIAIOTCS IO POpMYyJIaMm:

T

a, =£jf(x)cosnxdx (n=12,3,..)
Ty

T

b, =£jf(x)sinnxdx (n=12,3..)

T

Hpumep.
Pasznoxuts Gpyaxuio B psag Pypee Y = X ma mpomexyrke 0 < X <27

Pewienue.
Paznoxenue B psax @yprse Ha uHTEpBaje 0< X <27 UMEET BUL:

o0

f(x)= a_20 + > (a, cosnx+b, sinnx)

85



2z or - 3
a, = lj f (x)cosnx dx 1 jxcos nx dx = l(xsm L Cosznx)| _
a 0

"oy s n n 0

1 sinn2z cosn2rx 1
=\ 2r + | —||=0
T n n n

2 or - 3
b :1'[f(x)sinnxdxzijxsinnxdle(_xcosnx+s|n;1xJ‘ _
7[0

’ Vs n n“ Jb

2

1 (_ 2 cosn2z . sin N2z _Oj 2
n n

= 2 .
x=7z+Z——smnx

OKOHYATENBHO, MTOIYYaeM: n
n=1

Ipumeuanue:
cos(zn) = (-1)" cos(2zn) =1 sin(zn) =0

> 2 .
x=7z+Z——smnx

OTBeT.
n=1 n

Bomnpocs! 115 3aKpenJieHns MaTepuaJjia

Kakoit pag Ha3bIBaeTCs CXOASIUMCS ?

Kaxkoli psia Ha3bIBa€TCS 3HAKOIOJIOKUTEIBHBIM?

Kakoi1 psig Ha3pIBaeTCs 3HAKOUEPEAYIOIIAMCS ?

B uem 3akmouaetcs [Ipusnak J[anambepa cXoAMMOCTH psiIOB?
B yem 3akimouaercs [IprusHak cpaBHEHUS] CXOAUMOCTH PSIOB?
B uem 3akmouaetcs [Ipusnak JleiOHMIa CXOAUMOCTH PSIOB?

Kakwue psijibl Ha3bIBalOT CTEIICHHBIMU ?

Yto Takoe paanyc CXOJAMMOCTH CTEIIEHHOTO psa?

Yto Takoe TpUroHoMeTpuueckut psig Oypne?

©CoNRWNE
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PA3JIEJI 9. OCHOBBI JUCKPETHOMW MATEMATUKHA

Ilpeomem ouckpemmnoii mamemamuxu. Mecmo u ponb OUCKPEmHOU MAMeMamuKy 8 cucmeme
MamemamuyecKux HayK U 6 peueHuu 3a0ay. Jnemenmsl U MHO*CeCmad. 3a0aHue MHONCeCms.
Onepayuu nao mroxcecmeamu. Ceoticmea
onepayuil Hao muoxcecmeamu. Omuowenus. Ceoticmea omuowenutl. /fuacpammol Jiinepa-Benna

Tepmun  «/Juckpemmuolit»y TPOU3OIICT OT JaTHHCKOro ciosa discretus —
MPEPBIBUCTBIN, COCTOSIINAN U3 OTACIBHBIX YaCTEH.

JIluckperHass MaTeMaTMKa W3y4aeT JHUCKPETHBIE BEJIWYUHBI, a TaKXKe
O0OBEKTHI, UX CBOMCTBA, COCTOSIHHS U CBSI3U MEKy HUMU TPHU TTOMOIIN TACKPETHBIX
BEJIMYHH.

W3yyenue  AUCKpETHOM  MaTeMaTHKU  CIOCOOCTBYeT  (HOPMUPOBAHHIO
byHIaAMEHTAIBHBIX ~ TEOPETUYECKUX 3HAHUM, HEOOXOAUMBIX JJIsi H3yYCHUS
MPEIMETOB, CBSI3aHHBIX C TEOPUEH BEPOSITHOCTH M CTATHUCTUKOM, KOMIIBIOTEPHBIMU
CUCTEMaMU U CETSIMH, 0a3aMu JaHHBIX, MPOrPAMMHUPOBAHUEM.

MHo:kecTBa
MHOKeCTBO — COBOKYITHOCTb, HaOOp HEKOTOPBIX JJIEMEHTOB, OOBEIUHEHHBIX
HEKOTOPBIM ITPU3HAKOM, CBOMCTBOM.
[Tpumep:
= X=1{A O, Wbl IO, 4,23, V, E, E} — MHOXeCTBO ITaCHBIX OYKB PyCCKOTO
andasura.

» M={1,2, 3,4} — MHOXKECTBO IICJIbIX YHCET U3 OTpe3ka [1, 4].
= MHOXeCTBO 0aJOK B COOPY>KEHHH.
* MHOXECTBO CTYJICHTOB B TEXHUKYME U T.]I.
IHoaMHOkeCTBO — YacThb HCXOJAHOTO MHOXXECTBA. OJIEMEHTHI MOJAMHOKECTBA
00J1a1at0T AOTOTHUTEIBLHBIM ITPU3HAKOM UJIA CBOMCTBOM.
[Tpumep:
* MHOXECTBO CTYJICHTOB Balllel TPYIIIbI SIBISETCS MOAMHOKECTBOM MHOKECTBA
CTYJICHTOB TEXHUKyMa.
* MHOXEeCTBO KeIe300€TOHHBIX 0aJOK B COOPYXKEHUU SIBIISECTCS MOJMHOKECTBOM
BCEX OAJIOK ATOTO COOPYKEHUSI.
* MHOXeCTBO KEHIIMH (KaK W MHOXKECTBO MY)KUHMH) — €CTh MOJMHOKECTBO
MHOYKECTBA JIFOAEH Ha 3eMIIe.
YHuBepcajibHOe MHOXECTBO — MHOXecTBOo U, cocrosiiiee U3 BCEX BO3MOMKHBIX
AJIEMEHTOB, 00J1aIaI0NIUX JaHHBIM TPU3HAKOM.
IIycToe MHOXECTBO — MHOXKECTBO, HE COJepKalllee HU OJHOTO DJIEMEHTA.
Oo6o03Hauenue — .
PaBHbIMM Ha3BIBAIOT JBa MHOXeCTBa A W B, cocrosiue U3 OJWHAKOBBIX
AJIEMEHTOB.
Ipumep:
" paBHBI JIBAa MHOXECTBa OyKB, M3 KOTOpbIX cocTaBieHbl cioBa «HABEC» u
«BECHAY.
MOIHOCTH MHOKECTBA — YUCJIO 3JIEMEHTOB MHOKECTBA.
Ipumep:
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BO3bMeM MHOXkecTBO X = {A, O, U, b, IO, 51, D, ¥, E, E}, ero MomHocTh paBHa
10. |X|=10

BO3bMeM MHOecTBO M = {1, 2, 3,4} , Toraa ero MOIIHOCTh paBHa 4. ‘M ‘ =4
MyCTOE MHOXECTBO HE COACPKHUT AJIEMEHTOB, MOTOMY €ro MOIIHOCTh pPaBHA

nymo. || =0.

JAunarpammsl Jilsiepa-Benna

UToOB! HArNIAIHO N300paKaTh MHOKECTBA, aHTTIMHUCKHUIM MaTeMaTuk J[>kKoH
Benn (1834-1923) mpemioxusl  HMCIOJIL30BaTh 3aMKHYTbIe (UTYphl Ha
miockoctd. Hamuoro panpme Dinep (1707-1783) st u3zoOpaxkeHus
OTHOLIEHUI MEXKJIy MHOXECTBaMU HCHOJb30Ball Kpyru. llo3gHee Takue
M300paKEeHUS TTOTYYUIIN Ha3BaHUs AuarpamMm Jiliepa-Benna.

JlnarpamMmbl — O4€Hb yIOOHBIH WHCTPYMEHT, MO3BOJSIOUINI M300pakaThb
MHOKECTBA M WJUTIOCTPUPOBATH ONEPALMM HAJ HUMHU. IJTO T€OMETPUYECKHE
MIPEICTABICHHS] MHOKECTB.

[locTpoeHue nauarpamMmbl 3aKJIIOYAETCS B HM300pPAKEHHH OOJBIIOTO
PSIMOYTOJIbHHUKA, MPEACTABIISIOIET0 YHUBEPCATIbHOE MHOKECTBO U, a BHYTpH
HEro — KpPYroB WM KaKUX-JIHOO JPYTrUX 3aMKHYTBHIX (QUTYpP, TPEACTABISIONINX
MHOXECTBa, BXOJAIIME B  YyHHUBepcaibHOE. @UIrypbl HaxomsITCA B
OIIpE/IETICHHOM IOJIO0XEHUH IO OTHOILLIEHUIO YT K pyry. B Haubosee obmiem
cllydae OHHU Tmepecekarorca. Touku, Jexaiiyue BHYTPU Pa3IMYHbIX OOyiacTein
JUarpaMMbl, 0003HAYAIOT 3JIEMEHTHI COOTBETCTBYIOIIMX MHOECTB.

Bce wMHOXkecTBa Ha auarpamMMmax —0003HA4aroOTCs, KakK OOBIYHO,
3arjaBHbIMU OyKBaMH JIATUHCKOTO ajidaButa. [loctpouB nuarpamMmmy, 0OBIYHO
LITPUXYIOT OIpEAENIEHHbIE 00J1acTh i1 0003HAY€HUsT BHOBb OOpa30BaHHBIX
MHOYECTB, WJIA BBIJICTISIFOT 3TO MHOKECTBO KaKUM-JTUOO JIPYTUM CIIOCOOOM.

[Tpumep:
Ha stoil quarpaMmMe BUIHBI OTHOLLICHUSI MEXXAY MHOXecTBaMu A, B u C:

MHOXeCTBO B ABIgeTCA ITIOAMHOXKXECTBOM MHOXKeCTBa A.
MuoxectBo C HE UMEET O0IIMUX DIJIEMEHTOB ¢ MHOKecTBamMu A u B.

s

/
/

/ A

Ty
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OcHOBHBIE onepanvm Ha/i MHOKECTBaAMHU

N3 kakux-nub0 JaHHbIX MHOXECTB A u B MOXHO mDOCTpOUTH HOBBIE

MHOXKECTBA C IIOMOIIIBIO onepaunﬁ O6’I>CI[I/IHCHI/I$I, IMCPECCUCHUSA, BBIYUTAHWA U JIP.

Haspanme HN3o00paxkenne
omepamu Oo6o3HaueHnne AHArpaMMamMu Omnpenesenune
Jiisiepa-Benna
Te uW TOINBKO TE€ DIEMEHTEHI,
Ilepeceuenue Aﬂ B KOTOpBIE MIPUHAJIeKAT
MHOXECTB 00HO8pemenHo A n B
Te W TOIBKO TE€ DIIEMEHTHI,
O0benunenne AU B KOTOpBIE NPHHAAIEKAT Xoms Obl
MHOKECTB 00HOMY U3 MHOXECTB A U B
Te W TONBKO TE€ DIEMEHTHI
Pasnocrn A\ B MHOXKeCTBa A, KOTOpBIE He
MHO>KECTB

npuHaoIedxicanm MHOXECTBY B

JlomosiHeHHE K

x> |

Te ®W TONBKO TE€ DIECMEHTHI,
KOTOPBIE  He  MpUHAodaeicam
MHOECTBY A (T.e. JONOJIHSIOT

MHOXECTBY A €ro 10 YHUBEPCAIbHO MHOXKECTBA
V)
Te ®W TONBKO TE€ DIECMEHTHI,
KOTOpBIE MPHUHAATIEKAT OIHOMY
g;ﬁfgf"qemaﬂ AAB 13 MHOKECTB: 1160 A 6o B, HO

HC SABJIAKOTCA O6H_[I/IMI/I
9JICMCHTaAMHU 3TUX MHOXCCTB.

Ipumep /lansr muokectBa 4 = {2,4,5,8,9} u B = {0,1,2,3,4,5}. Haiitn

AUB, ANB, A\B, AABux A

t.e. U={0,1,2,3,4,5,6,7,8,9}.
Pemenue:

eciau U — MHOKECTBO Beex mudp,

AUB=(2,4,55,89)U(0,1,2,3,4,5)=(0,1,2,3,4,5,8,9)
ANB=(24,5,.8,9)N(0,1,2,3,4,5)=(2,4,5)
A\B=(2,4,589)\(0,1,2,3,4,5)=(8,9)

AAB =(2,4,5,8,9)A(0,1,2,3,4,5)=(0,1,3,8,9)

A=(0136,7)

Orser: AUB=(0,1,2,3,4,5,8,9)

AAB =(0,1,3,8,9)

A=(01,36,7)
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[Tpumep: IToctpouTs quarpammsel Disieppa-Benna

) ’.é‘
T. @ TPHHAMICKUT MHOXECTBY V MHoxecTBO D SABIIACTCS
(aeV), a 1. b He npuHamIeRUT MIOJIMHOKECTBOM MHOXECTBA S
wmnoxectsy V (D V), (DcS)
A B A B
C C
ANB AUBUC

A (_@B

_c

ANBNC (AUB)\C

Bomnpocs! 115 3aKpenJieHns MaTepuaJjia

UYT0 Ha3bIBAIOT NOJIMHOXKECTBOM HEKOTOPOTO MHOXKECTBA?

Kakoe MHO€eCTBO Ha3bIBAIOT IIyCTHIM?

Kakoe MHOX€eCTBO Ha3bIBalOT YHUBEPCAIbHBIM?

Jns yero HykHbI 1MarpaMmmsl Jinepa-Benna?

[Iepeuncnure 1 0XapakTEPU3yHUTE OCHOBHBIE ONIEpally HAJl MHOKECTBAMU.

oW E
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PA3JIEJI 10. TEOPUS BEPOSITHOCTEN U MATEMATHUYECKAS
CTATUCTHUKA

Dnemenmsl KOMOUHAMOPHO20 AHANU3A: PA3MeEUjeHUs, NepecmanosKu, covemanus. Popmyna
ounoma Horomona. Cnyuatinvle coovimus. Beposmuocms coovimus. Ilpocmetiuue ceoticmea
8epOsSIMHOCMU.
3aoauu mamemamuueckou cmamucmuxu. CIy4atinas 6eIuyuHa U 3aKoH ee pacnpeoesieHusl.
Mamemamuueckoe oxcuoanue u Oucnepcus CLyyatHou 8eauyUHbl

DJIEeMEHTHI KOMOMHATOPUKH

I[TIycts y Hac umeercs N iementos (N> M)

HepeCTaHOBKaMH Ha3bIBAIrOT KOM6I/IHaHI/II/I, COCTOAIMMUC N3 OJHUX MU TCX KC RN
9JICMCHTOB, KOTOPBIC OTIINYAIOTCA TOJIBKO IMOPAAKOM HUX PACIIOJTOKCHUA.

Pn — YHCJIO IEPECCTAaHOBOK M3 N 3JICMCHTOB (V‘II/ITLIBaeTCSI HODSII[OK)
=nl
P, =n!

IIpumep B xopoOke 7 pa3HBIX LBETHBIX KapaHIaIIeH, -
e e ———————— —

YJIOKEHHBIX B psaf. CKOJBKMMHM crnocoO0aMu MOXKHO -
yHakoBaTh KOPOOKY, TakK, 4YTOOBl  KaXIblil pa3 ObLI
HOBBIM [IBETOBOW MOPSAIOK PACKIAJKU KapaHJameun? .

(ratimu ronuuecmseo nepecmanosox 7 kapanoawei 6
KOpoOKe) .

Pemenne: IToHATHO, YTO B JIAaHHOM CIlIydae MbI HMEEM
JCJIO C TePECTaHOBKAMH, ITOATOMY OTBETOM
Ooyner

P7 :7!:1.2.3.4.5'6.7:504OCHOCO6OB.

Pa3MemeHHﬂMH Ha3bIBArOT KOM6I/IHaI_[I/II/I, COCTaBJICHHBIC M3 M pa3JIUYHbIX
9JICMCHTOB, BI)I6paHHI>IX MX OOJIBIIIETO YHCJIa DJIEMEHTOB N (HOD?II[OK V‘-II/ITI)IBaeTCH).

m
Yucino pasMCIICHUHA An U3 N DJIEMCHTOB O M DJJICMCHTOB (HOQ}{QOK

YVUUTBIBACTCS) BEIYHUCIISACTCS 110 (hopMyJIe:

_nl
Bl (n—m)!

Anm

IIpumep

Bo BHOBB NOSABUBIIEMCS TOCYIApCTBE CYLIECTBYET 5 HAIIMOHAJIBHBIX LIBETOB.

['ocymapcTBeHHBIM CTPYKTypaM HEOOXOAUMO TpUIyMaTh OJWH W3 JJIEMEHTOB

TOCYJapCTBEHHOM CHUMBOJHMKKA — (Quar. dmar MOXKET COCTOSTh U3 Tpex
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TOPU30HTAJIBHBIX II0JIOC PA3HBIX HAlMOHAIBHBIX LBETOB. (CKOJBKO BapUaHTOB
¢1ara MOTYT pUIyMaTh TOCYAAPCTBEHHBIE CTPYKTYPbI?

(Haiimu xonuuecmeo 803MO*CHBIX MPEXNOTOCHBIX 20C.(h1a208 U3 5 16emoes)

Pemenne: B ganHOM citydae MbI JOJDKHBI BBIOMPATh M3 5 IBETOB MO 3, MpUYEM
NOPSAJOK YUYUTHIBAETCS, T.K. €CIM OJHM U TE€ K€ LIBETOBBIE IMOJOCHI Ha (iarax
PacroJIoKeHbl B pa3HOM MOPsJIKE, TO 3TO pa3Hble (aaru. [Toaromy orBeToMm Oyzaer

., 51 &

m = E = 3 . 4 . 5 = 60 BapUaHTOB q)ﬂal“a.

CoyeTaHUSIMM Ha3bIBAIOT KOMOMHAIIMHU, COCTABJIEHHEIE U3 M Pa3IUUHBIX
HJIEMEHTOB, BHIOPAHHBIX HX OOJIBIIETO YKCIIA 3JIEMEHTOB N (OPSIOK HE
VUUTBIBACTCS ).

m
Yucno coueTaHui N "3 N 3JEMCHTOB I10 M 3JIEMEHTOB (HO[}SIAOK HC

VUUTBHIBACTCS) BEIYUCISACTCS 110 hopMyIie

m_ n!
" mli(n—m)!

IIpumep B ypHe 4 mapa: KpacHbI, 3€J€HBII, KENTbId WU CUHUN. BhIHUMaIOT
OJIHOBPEMEHHO cpa3y J1Ba mmapa. CKOJIbKO BapUaHTOB TOro, KakuM o0Opa3oMm
BBIOEpPYT 3TH JIBa 1apa?

00O

Pemrenue. 13 yeTbipex o 1Ba w, HE YUYUTBIBAS HOPSAIOK:

ot _ 4 4 _1.2.3.4_24_6 WWW
CTAG-2 22 1.2.1.2 4 0 QS @y O
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dopmy.ia ouaoma HeroToHa

@+b)=Cl"+Cda"" b+ Ca" b +Ca" W + ..+ Cta" "' + .. + C*"ab"" ' + D"

0 1 2 3 n-1 n
Cn, Cn, Cn : Cn s eeen Cn : Cn HA3bIBAIOT OMHOMUAJIBbHBIMU KO3 dUuurmeHTamu

bunomunanbubie k03 punnenTs! aerko HaxoasaTcs u3 TpeyroabHuka [ackans:

TpeyronbHUK lNackansd

a g L1
Qo q 1831
G G G ¢ i T i B
aQ a ¢ ¢ c 1 17 ﬁ2115352{::'515152116 ?1 1
@ a e e o o 18 28 56 70 56 28 8 1
(a+b)° = | 1
(a+b) = a+b 1 1
(a+b) = a’ +2ab+ b’ 1 2 1
(a+b)Y’ = &*+3a°b+3ab*+b’° 13 31
(a+b)" = a* + 4a°b + 6a°b* + 4ab’ + b* 1 46 41
(a+b) = 15 10 10 5 1
(bt e i s e b e
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JIeMeHTbI TEOPUHU BEPOSITHOCTEM

HcnbiTaHue — COBOKYNHOCTb OOCTOSITENIbCTB WM JEUCTBUM JI1 JOCTUKEHMS
OINIPEJEIICHHON LIETIN.

DJIeMEHTApHOe COOBbITHE — BO3MOXXKHBIA NCXOJI UCIIBITAHUS.

CoObITHs 0003HAYAOTCS TPOMUCHBIMU OYKBaMHU JJaTUHCKOTO aidasura: A, B, C,..
HNuorna c ungexkcamu: Aq, A,.. By, B, .

[Ipumep:

Hcnvimanue: non0pacbIBaHUE MOHETBI

Bce so3mooicnvie  anemenmaphvie cobvimus: A - MOHETa ymauer
BBEPX «OPJIOM» WM B - MOHETa ynazeT BBEPX «PELIKON.

[Tpumep:

B ypue 4 mapa: Oenblit, YepHBIN, KPACHBIN, 3€JICHBIN.

Hcnvimanue: v3 ypHbl BBIHUMAOT | 1m1ap.
Bce so3moorcuvie snemenmapmusie coovimusi: A - BRIHYIU Oenblii map; B - BeIHYIH
yepHbii map; C - BEIHYJIM KpacHbIi map win D - BeIHYIN 3€NeHbIi 1map.

Ecnu nepeuncnuTh BCEe BO3MOKHBIE DJIEMEHTapHbIE COOBITHS, KOTOpPbIE MOTYT
MPOU30MUTH TPU KAKOM-TO MCIIBITAHWU, TO B COBOKYIHOCTU (BCE BMECTE) HX
Ha3bIBAIOT Ilo1noii cpynnoil coovimuii.

[IpenBocxuias pa3iuuHble COOBITUS B KU3HHU, Mbl 4aCTO TOBOPUM «CKOpPEE BCETO,
ATO MPOUBOUIET», «ITO HEBO3MOXKHO», «HABEPHSKA, 3TO CIYUUTCS», «BEPOSITHEE
BCEro, OyneT Tak», «HeBeposATHO!» u T. 1. Habmtomaembie HaMu COOBITHS(SIBICHUS)
MOXHO pa3JeliuTh Ha CIEAYIOIIHE TPU BHUOA: JIOCTOBEPHBIC, HEBO3MOXKHBIE U

CIIy4aiHBbIE.

Buabr coOnITHI

HocToBepHbie HeBo3moskHbIE CayuaiiHbie
cOoOBITHE, KOTOpO€ | COOBITHE, KOTOPOE€ HE | COOBITHE, KOTOPOE MOXKET
00513aTeJILHO MPOU30UAET HUKOIAA Npou30MTH MO0  HE
IPOU30MIET ITPOU30MTH.

[Ipumep. IIpumep IIpumep

1. IIpu 6pocanuu
UTPAbHOTO KyOHKa
BBINAJET YUCJIO,
MeHbIIee 9;

2. 3aBTpa B30OUIET

COJIHLIE.

3. [Tocne SHBapPS

HACTyINuT (peBpab.

1. B ypue 3 6enbix u 4
cuHUX mmapa. 3 ypHsI
BBIHYJIM JKEJITHIN 1Iap.

2. HeueTHoe unciio

pasaenuiiock 6e3 ocraTtka

Ha 2;

3. ITocne 3uMbI HACTYIIUT

OCEHb.

1. I[Ipu 6pocanuu
UTpaTbHOTO KyOHKa
BBITIAJIET YUCIIO 2;

2. Ha sk3amene 1o
MaTeMaTUKE CTYJICHT
TOJIYYUT OLIEHKY «S»;

3. YenoBek B JIOTEPEIO
BBIUTPAET NPU3
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Paccmotpum nosipoOHee cirydaiiHble COOBITUS U UX BHUJIBI.

BHAOBI CJOy4YaHHBIX COOBITHH

3aBucumMsie

;
|
i

CoeMecTHEE
HecoBmecTH:le
PaBHOBOSMOXHEIE
[lpoTuBONONOKHEE

HecoBMecTHBIE COOBITHSA: €CIIH MOSBIICHUE OJHOTO U3 HUX MCKJIIOYAET IOSIBICHUE
JIPYTUX COOBITUNA B OJHOM M TOM K€ UCIHBITAHUM. T.e. OHM HE MOTYT MPOU3OUTHU
OJTHOBPEMEHHO IIPH OJHOM U TOM K€ HCIIBITAHUHU.

Hanpumep, 6pocas uepanvhyo KoCmb, MONCHO paACCMOMpPems makKue 08a coObimus
A- yemnoeo wucna ouxos u B - svinaoenue neuemnoco uucna ouxos. Cooormus A u B
HecoB8MeCmHbl.

B mpotuBHOM ciyyae cOOBITHS HAa3bIBAIOT COBMECTHBIMH, T.C. €CJIM HACTYILIEHHE
O/IHOT0 U3 HUX He MCKJIIYAeT HACTYIJIEHHUS APYroro.
Hanpumep, Opocas uepaibHyl0 KOCMb, MOJNCHO paccmompems maxkue 08da
cobvimusi A- evinadenue yemHo2o wucia u B - evinadenue wucia ouxos, KpamHuix
mpem.  Beinano «6», sHauum u cobvimue A npouzouinio u codovimue B moorce
npouszouiio, m.x. 6 wemrnoe u kpamuo 3 (Oenumcs Ha 3).

He3aBucuMbIe COOBITHSI — HACTYIUICHHUE OJHOTO COOBITHS HUKAaK HE 3aBUCHUT OT
HACTYTUICHUS WJIM HEHACTYTUICHHS IPYTOTO COOBITHS.

Hanpumep, ucpanvnyio kocms Opocaom 08a pasa noopsao. Ymo ewvinadem 60
6mMopoll paz adCOMOMHO He 3asUcum Om mo20, YMmoO 6bINAJI08 Nepsblil pas.
Ilosmomy, k npumepy, maxue 08a cobvimus kax A- evinadenue «2» 6 nepavlil paz u
B — gvinaoenue «5» 60 emopotii paz abcontomuo e 3a8ucsam opye om opyea.

Unu, nanpumep, cmpenku cmpensaom 6 yenw. llonadanue unu Henonaoanue Kakoeo-
qU60 cmpenxka abCconomHo He 3a8UcUm Om NONAO0AHUsl UIU HeNnonadanus 6 yeib
opyeux cmpenkos. Ilosmomy, Kk npumepy, makue 08a codbvimus Kax A- nepewiii
cmpenok nonan 6 yeuv u B — mpemuii cmpenok He nonan 6 yenb abCoONOMHO He
3asucam opye om opyea.

3aBucCHUMBIE COOBLITHSI — HACTYIUICHHE OJHOTO COOBITHS 3aBHUCUT OT HACTYILICHHS
WJIU HEHACTYIUJICHUSI IPYTOr0 COOBITHS.
Hanpumep, 6 ypne HecKoIbKO pa3HOYBEMHBIX WAPO8. BviHumarom no ouepeou
wapwvl u3z ypHol. Jlocmanym au ouepeoHol wap onpeoenenHo2o ysemad, 3a8Ucum om
mo2o, Kaxkue wapsvl 00CManu 00 3Moeo.
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CoObITHSI HA3BIBAIOT PABHOBO3MOKHBIMH, €CJIM €CTh OCHOBAaHUSI CYUTATh, UTO HU
OJTHO M3 HUX HE SIBJISETCS 00JIee BO3MOKHBIM, YEM JPYTOE.

Hanpumep, 6 ypue Heckonvko pazHoysemuvlx wlapos (Kaxicoozo ysema — O0OUH
wap). Bovimumarom odun wap. Bulhumanue wapa kaxcoo2o ysema — coObImus
PABHOBO3MOJICHYIE.

HQOTI/IBOHOJIO)KHBIE COOBLITHS — €ClIH OIHO H3 JBYX COOBITHI 00s13aTEILHO
JOJIXKHO HpOH?:OﬁTH, IpuiIeM HACTYIUICHUC OAHOI'0 HMCKIIIOYACT HACTYIIIICHHC

apyroro. O6o3nauarorcsi A u 4.
Hanpumep, cmpenox cmpensem 6 yenv. I[lycmo cobvimue A — cmpenok 6 yenb

nonan, moz0a cobvimue 4 — cmpenox 6 yenv ne nonan. Oueguono, umo nonadanue
U Henonaoanue — 08a NPOMUBONONONCHLIX cobbimus. Taxdce oueguoHo, 4mo 3mo
08a BO3MOINCHBIX UCX00A UCTBIMAHUSL.

Hanpumep, cmpenox cmpensem 6 yenv 5 pas. Ilycmv cobvimue A- cmpenok He

nonan nu pazy, mozoa cobvimue 4 — cmpenox 6 yenvo nonan xomsa 6vl 00uH
pasz.(xoms 6vl 0OUH paz — MO 3HAYUM, YMO OH MO2 NONACMb 00UH pas, 08a pasd,
mpu pasa, yemvipe Uil 6ce niamov pas)

BeposaTHOCTH cOObITHS. CBOWCTBA BEPOSATHOCTH

BeposiTHOCTH COOBITHS, pacCMaTpUBaeTCA KaK Mepa OOBEKTHUBHON BO3MOKHOCTH
NOSIBJICHUS CIIyYalHOTO COOBITHS.

Knaccnueckoe onpeacjacHue BEPOSITHOCTH

O0o03HaUNM
N- 00IIeEe YMCIIO BCEX BO3ZMOXKHBIX UCXOI0B UCIIBITAHHUS.
M- YHCII0 UCXOJI0B, OJIArONPHUATCTBYIOITUX TOSBICHUIO COOBITHS A.

Torna BeposATHOCTH MOsIBJIEHHsI COOBITHS A OyIeT onpeacsIThes PopMyoi

p(A) ="

n — Kldccudeckas 6eposiAntHoCnlb

COBbITHH

// w

0=P(A)< 1 P(A)=1 P{A)=0
l 3 "
CAYUAHHBIE JOCTOBEPHBIE HEBO3MOKHBIE
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CroiicTBa BEPOSITHOCTH

1. BeposTHOCT, HO00TO HCHBITAHUS €CTh HEOTPHUIIATEIBHOE YHUCJIO, HE
MIPEBOCXOISIICE CAUHUILY.

0<P(A) <1,

2.P (4) =1, Torna u TOJBKO TOTN1a, KOrma A — TOCTOBEPHOE COOBITHE.

3. P (A) =0, Tornma u TobpKO TOTIA, KOoraa 4 — HEBO3MOKHOE COOBITHE.

4. Jlnist mo00ro coOBITUSL A U IPOTUBOIIOIOKHOTO EMY A:
P(A)=1-P(A)
CioxeHnune BeposiTHOCTE

Cymmoii A + B 1Byx ciyuaifHEIX coObITHIA Ha3EIBAaETCS COOBITHE,
KOI'/Ia HACTYNAET XOTs ObI OAHO U3 HUX

A WINX B

I[Ipumep 1. B smmuke nexaT IWIMHIP, KOHYC, KyO U nupamuiaa. M3 gmuka O0epyt
Hayraja oJHy Gurypy.

Bo3MOKHBIE 37IEMEHTapHbIE COOBITHS:

A — 831U yunuHop,

B — 83s1u konyc,

C — 635U K)0,

D — 83s1u nupamuoy.

CoObiTHEM A+B Oyner coObITHE, KOTJa B3sJIM KaKOe-TO TEJIO BPAIICHUS: IIHJIMH]P
WJIH KOHYC.

Teopembl ci10KeHUS BEPOSITHOCTEH.
BeposaTHOCTh CyMMBI JBYX HECOBMECTHBIX COOBITUM paBHA  CyMMe

BEPOSTHOCTEU ITUX COOBITUM.

P(A+B)=P(A)+P(B)

Cymma écex I1eMEHMAPHBIX COOLIMUIL UCHbIMAHUA (ROJIHASA 2PYRNA COObIMUIL)
oopazyem docmosepHoe codvimue.

Caencrue 1
Ecau cobObitus A, Ay, ... ,Ap B cymMMe 00pa3yloT MOJHYIO TPYIIy, TO CyMMma
BEPOSTHOCTEH ITUX COOBITHIA paBHA SUHUIIE.

P(A)+P(A) +..+P(A) =1
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CaencrBue 2
CyMMa BEepOSTHOCTEH MPOTHBOIOJIOKHBIX COOBITHI U A paBHA €IHHHUIIE.

P(A)+P(A)=1

YMHOKeHUEe BEPOSATHOCTEH

Mpoussenennem A * B 1Byx cryuaifHBIX cOOBITHIT HA3BIBACTCS COOBITHE,
Korna 4 u B HacTynaroT OTHOBPEMEHHO

IMpumep
JIBa cTpernka mMpou3BOIAT BEICTPEIIBI IO MUTIIECHH.
CoOpITHA:

A - mepBBlii CTPENIOK IO B LENb, A4 - IIEPBBIN CTPEJIOK HE ITONal B LENb,

B - BTOpOﬁ CTPCJIOK IIOoIIall B IICJIb, B - BTOpOﬁ CTPCIJIOK HC ITOIIAJI B LICJIb

CoObitiem A B OyzieT coObITHE, KOT/Ia 00a CTpEsKa MOMaly B 1eJb.

Coburruem A - B OyJzieT coOBITHE, KOT/Ia HUKTO HE MOMaj B LEb.

Teopema
BeposaTHOCTh OTHOBPEMEHHOT'O TOSIBJICHUS JBYX HE3aBMCHMBIX COOBITHH paBHA
MIPOU3BEACHUIO BEPOSITHOCTEH 3THUX COOBITHIA:

P(AB) =P(A)-P(B)

CaencrBue. BeposTHOCTb TOSIBIICHUS HECKOJBKUX COOBITHH, HEe3aBHCHMBIX B
COBOKYIHOCTH, BBIYUCTISIETCS IO PopmyIie

P(AA-.A)=P(A)-P(A)-....P(A)

IIpumep

B ypue nexart 10 mapos. 13 Hux 3 kpacHsie, a 7 xenrtbie. 113 ypHbI BBIHUMAIOT
Hayraja oJuH map. KakoBa BEpOsSTHOCTb TOTO, YTO OH OYAET KEIThIM?

[Tycth A — HCKOMOeE cOOBbITHE, T.€. TO COOBITHE, BEPOSATHOCTH KOTOPOTO MBI HIIEM,
T.€. COOBITHE A — BBITALTUIIM JKEITHINA MIap.

OO0111ee YnciI0 BO3MOXKHBIX UCXOA0B — 04eBHAHO, 10, T.K. B ypHe 10 mapoB, 3Ha4uT
BBITAILUTH 1Iap MOkHO 10 pa3s.

3uaunr, N =10,

Pemenue.
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Uucno ucxoaoB, 01aronpusATCTBYIONIMX TOMY, YTO BBITAIIAT XKEITHIN map 7, T.K. B
YpHE 7 KENTHIX IAPOB.

3Hauntr, M=7,

Torga BeposATHOCTh MOSBIEHUSA COOBITUS A (T.€. BEPOSATHOCTh TOrO, YTO BBITALLAT
WMEHHO KEJITBIH I1ap) BEIYUCIISAETCS TI0 POopMYyIIie KIIACCHUECKOU BEPOSTHOCTH:

p(A)="=" 07
n 10
Otser. 0,7

IIpumep B notepee u3 1000 GunetoB umerorcst 200 BBHIMTPHIIHBIX. BbhIHUMAaOT
Hayraj onuH Ouiet. Yemy paBHA BEpOSITHOCTh TOTO, YTO ATOT OMJIET BHIUTPHIITHBIN?

Penienue.

[Tycth A — HCKOMOE COOBITHE, T.C. BEIHYJIU BBIUTPBIIIHBINA OHIICT

Oo011ee unciio Bo3MOkHBIX ucxomos N = 1000.

Uucao ucxo10B,  OJaronpUATCTBYIONIUX MOJTYYEHUIO BBIMTPHIIA, COCTABIISICT M =
200.

CornacHo ¢opmyrie, MOTydYuM

oy M_200 1

n 1000 5

Otser: 0,2.

I[Ipumep B ciyuailiHoM »KcnepuMEHTE MOHETY OpocaroT aBaxibl. Hailigute
BEPOSITHOCTH TOT'O, YTO OPEJI BBIMAAET POBHO OJWH pa3.

Pemienue.

[Tycth A — mckoMoe codbITHE (OpeIT BBITIAJET POBHO OJMH pa3)

[TepeuricinuM Bce BO3MOXKHBIE HCXO/IbI, KOTJIa MOHETY ABAXKIbI MOJKUBIBAIOT
(O —opemn, P - pemika): OO PP OP PO

3HAUUT, BCEX BOZMOXHBIX UCXOJI0B N = 4

Uwucno ucxonoB, OIaronpusTCTBYIONIUX MOSBICHUIO cOObiTHS A, M = 2! OP u
PO

CornacHo dhopmysie, MOayduM
P(A)="=2-2205

n
Ortger: 0,5.

IIpumep Ha 3a04HO€ OTHEIEeHNE TEXHUKYyMa MOCTYMNAlOT KOHTPOJbHBIE PaOOTHI 110
MareMatuke u3 T1oposioB A, B um C. BepoATHOCTh MNOCTYIUICHUA
KOHTPOJILHOM paboThl U3 ropoaa A pasHa 0,6, u3 ropona B - 0,1. Haiitu
BEPOSTHOCTh TOTO, YTO O4YEpEIHass KOHTPOJbHas paboTa MOCTYMHUT W3
ropojaa C.

Pemenue.

Hrtak, 0003HAYNM COOBITHS:
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A - KOHTpOJIbHAs paboTa nmoctynuia u3 ropoja A. I1o ycnosuto P(A )= 0.6

B - xouTponpHas pabora moctynuia u3 ropoaa B. Ilo ycnosuro P(B )= 0.1

C - xonTpoabHas pabota nocrymnuia u3 ropoaa C. P(C ) - ?

OueBuaHO, uTO cOOBITHS A, B 1 C 00pa3ytoT HoJIHYIO ITpynny, NO3TOMY CyMMa UX
BEPOATHOCTEH paBHA €IUHUIIE:

P(A)+ PB)+P(C)=1

[ToncraBmss 4ucIOBBIC 3HAYCHHUSI, TTOTYUUM

0,6+01+P(C) =1, orkyna

P(C)=1-0,6—01=0,3.

Ortsert. 0,3

I[Ipumep BeposiTHOCTH TOrO, YTO J€Hb OyAeT scHbIM, 0,85. HailTu BeposSTHOCTH
TOT0, YTO JIEHb OyJIeT 00JIauHbIM.

Pemienue.

O4eBUIHO, YTO COOBITUS «JI€Hb SICHBII» U «JIeHb OOJA4YHBIH» MPOTUBOIIOJIOKHEIE,

MIOATOMY 0003HAYNM:

A - nens sicubiit. [To ycnosuro P(A )= 0.85

A - neny o6naunsit. P(A)="?
P(A) +P(A) =1, nosromy,

P(A)=1-P(A)
P(A)=1-085
P(A)=0,15
Ortser. 0,15

IIpumep B nepBoii ypHe HaxoauTcss 6 depHbIX W 4 OenbIX mapa, BO BTOPO- 5
YepHbIX U 7 OenbIxX mapoB. M3 kaxao0il ypHbI U3BJIEKAIOT MO OJHOMY Iapy. KakoBa
BEPOSITHOCTh TOTO, YTO 002 MIapa OKAXKYTCS OEJIbIMHU.

Pemenne. Ilycth A — ucxomoe cobbITHE

4 2
B -ums MepBOM YpHBI U3BJICUEH O€bIii mIap; P(B)=—-= E
7
C - u3 BrOpoii ypubl  n3BIeueH Genbiif map. P(C) = -

Torma A=B"C

OueBUIHO, YTO COOBITHS B u C HE3aBUCUMEI.
Torma

2 7 14 7
P(4)=P(B-C)=P(B)-P(C)==-—=""=_—"—
(A)=P(B-C)=P(B)-P(O) =5 =0= 35
Orser. ——
TBCT.BO
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IIpumep Ha nmyHkTe KOHTpOJS pabOTAIOT YETHIPE KOHTpOJUIepa. BeposTHOCTH
TOT0, YTO MEPBBIA KOHTPOJLIEP MPOIycTUT Opak, pasHa 0,15, Bropoii 0,13, Tperuit
0,19, uerBepThiii 0,2. HailTu BEpOsSTHOCTH TOTO, YTO

a) HU OJIMH KOHTPOJUIEP HE MPOIYCTUT Opak

0) XOTs ObI OZIMH KOTPOJUIEP MPOMYCTUT Opak

B) TOJIBKO JIBa MIEPBBIX KOHTPOJUIEPA IPOITYCTAT Opak

Penrenue.
ITycTp

A — uckomoe cobbiTne
B; - mepBsIii KOHTpOIUIEp TponycTuT Opak. [lo ycnosuto P(B; )= 0,15

B, - (57038174 KOHTPOJIIEP HE IIPOITYCTUT Opax.
P(B,)=1-P(B,)=1-015=0,85

B, - BTOpO# KOHTpOIIEp TporrycTut Opak. 1o ycmosuto P(B,)= 0,13

B_2 - BTOPOW KOHTPOJUIEP HE IIPOIYCTUT Opax.
P(B,)=1-P(B,)=1-013=0,87

B3 - Tpernii koHTpOJUIEp MponycTuT Opak. [To ycnosuro P(B3)= 0,19

1?3 - 105038171 KOHTPOJLIED HE IPOMYCTUT opax.

P(B,)=1-P(B,)=1-019=0,81

a) A — uckoMoe cobbITHE, T.€. HE OMH KOHTPOJLIEP He MPOIYCTUT Gpak, TOT/a
A=B,-B, B,

T.K. IPOIYCTUT KaKOW-TO KOHTpOJUIEp Opak WIM HE IPOIYyCTHT, aOCOIIOTHO HE
3aBUCUT OT TOTO, MPOMYCTUT JIU APYroil KOHTposuiep Opak WM HE MPOMYCTHUT, TO

BCE COOBITHSA Bi - HC3aBUCHUMBI U BCC Bi HC3aBHCUMBI, IIO3TOMY,

P(4) =P(B,)-P(B,) - P(B,)=085-0,87-081~0,6

6) A — ncxomoe cobiTHE, T.€. XOTS GBI OAMH KOTPOJLIEP NPOIYCTHT GpaK

Omucanne A B 9TOit cHTyalMH JOBOJIBHO IPOMO3JIKO, M, KaK CIICICTBUE, H PEIICHHE
TOXXEe TpoMO3AK0. T.e. B ATOM CUTyallMM MCKOMOE COOBITHE TMOJIy4aeTCsl TaKoe —
IIEPBBIN MPOITYCTUII, & OCTAJIbHBIE HET; WM BTOPOW NMPOMYCTHUJI, & OCTAJIbHbBIC HET;
WJIA TPETUW MPOMYCTUJI, @ OCTAIIBHBIE HET; WM MEPBBIM U BTOPOM MPOMYCTUIIH, A
TPETUM HET; WU NEPBBIM U TPETUM NPOIYCTWIH, & BTOPOW HET; WJIM BTOPOU U
TPETUMN IPONYCTUIIN, a IIEPBBIN HET; WIN BCE TPU NPOMYCTHUIIH, T.€.

AZBl'E'E""E'Bz'1?3+§1'E'B3++31'Bz'E+31'E'B3+E'Bz 'Bs+Bl'

B ortoii curyamuu (korma 3amada comepkHuT (pazy «XoTs Obl OJAUHY») YAOOHO
pemaTh yepe3 MPOTUBOIIOI0KHOE COOBITHE.

[TpoTHUBOIOI0KHOE HAIIEMY COOBITHIO — 3TO COOBITHE, KOT/Ia HUKTO He MPOMYyCTHI
Opax:
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A=B,-B,-B,
BeposiTHOCTH 3TOro COOBITHS HAWTH TOpa3lo Jerde, U Mbl €ro YXe€ HaxOIWJu B
MYHKTE a)

ZZEEE z0,6,3HaI{1/IT,
P(4)=1-P(4)=1-0,6=04

B) A — uckomoe COOBITHE, T.€. TOJIBKO JIBa TIEPBHIX KOHTPOJIJIEPA MPOIMYCTAT OpaK
A= B, -B,- 1?3
P(4) = P(B,)-P(B,)-P(B,) =015-0,13-0,81~ 0,016

Ortser. a) 0,6; 0) 0,4; B) 0,016

CayyailHble BeJJNYHHBI

CuryyaiiHo# Ha3bIBAIOT BEJIMYMHY, KOTOPas B PE3yJIbTATE UCIIBITAHUS IPUMET
OIHO U TOJBKO BO3MOXXHOE 3HAUYECHHUE, HAIlepel HE H3BECTHOE M 3aBHUCALIEE OT
ClIy4allHbIX IPUYUH, KOTOPBIE 3apaHee HE MOT'YT ObITh YUTEHBI.

byoem oanee oboznauams cryuaiinvle senuuunsvt nponucHvimu oykeamu X, Y,
Z , a ux 803ModCHble 3HayeHus oykeamu X, Y. Z.

Hanpumep, ecnu ciyuaiiHas BeauunHa X HMMEET TPU BO3MOXHBIX 3HAUCHUS,
TO OHU OYJTyT 0003HAYEHBI TAK . X1 X2, X3.

IMpumep.
Hucno poUBIIMXCS MATBYUKOB CPEAU CTA HOBOPOXKICHHBIX €CTh CllydaiHas
BEJIMYMHA, KOTOpast MeeT caexaytomue 3nadenus: 0,1,2,3...100.

B srom mnpumepe caydaiiHas BenuMuMHAa X MOXKET IMPUHUMATh OJHO W3
BO3MOXHbBIX 3HaueHui: 0,1,2, 3, ...100. DTu 3HaueHHsT OTHENIEHBI APYr OT Apyra
MPOMEKYTKaMH, B KOTOPHIX HET BO3MOXKHBIX 3HAUCHHUUN X (He Moocem Koauuecmao
MAIBYUKO8 UTU 0eBoUeK Oblmb OPOOHBIM YUCTIOM)

Takum oOpa3oMm, B 3TOM mpuMepe ciyyaiiHas BeIWYWHA NPUHUMAET

OTACIBHBIC M30JJMPOBAHHBIC BO3MOKHBIC 3HAYCHU S
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Baabl cryIadHbIX BeJTHIHH

JHcKpeTHBbIE Henpepreieable

JluckpeTHOH (HeNmpepbIBHOM) HA3bIBAIOT CIYYaHYIO BEIWYHHY, KOTOpas
MPUHUMAET OTJACJIbHBIE, U30JIMPOBAHHBIE BO3MOXKHBIE 3HAYEHHS C ONPEACIEHHBIMA
BEPOSITHOCTSAMU.

HenpepbIBHOM  Ha3bIBAIOT CIIy4allHYI BEJIIMYMHY, KOTOpas MOXKET
NPUHAMAaTh BCE 3HAUYEHUS BCE 3HAYEHUsS U3 HEKOTOPOro KOHEYHOTO WU
OECKOHEYHOT'0 MPOMEXKYTKA.

3akoH pacnpeaesieHus1 JMCKPETHOM CJIYYallHOM BeJIMYNHbBI
CnyualiHasi BeIMYMHA MOXKET OBITh 3a7[aHa 3aKOHOM pPacnpeoeneHus..

3akoHOM pacnpeaeieHUs JUCKPETHOW CIIy4YallHOM BEJIMYHMHBI HA3BIBAETCS BCSIKOE
MPABUJIO, YCTAHABIIMBAIOUIEE CBS3b MEXKIY BO3MOKHBIMU 3HAYEHUSIMU CIIyYalHOU
BEJIMYMHBI M COOTBETCTBYIOIIMMHU MM BEPOSATHOCTSAMH. 3aKOH paclpeicicHUs
JTUCKPETHOM ClTydaliHON BEIMYMHBI OOBIYHO 3aMUCHIBAETCS TAK:

% 1% % |- %
P | Py | Py [ | P

1.3nayeHust xq, Xy, ..., X, 3aMHCHIBAIOTCA B TaOJHUIlE, KaK MPABWIO, B TMOPSAKE
BO3pacTaHus (WM yObIBaHMS), T.€. YHOPSAAOYEHbI. Takoil psia pacnpeneneHus
Ha3bIBACTCS PAHKUPOBAHHBIM.

2.CyMMa BEpOSTHOCTEHM ATUX COOBITHM, T.e. CyMMa 4YMCENl U3 BTOPOU CTPOKHU Tab-
JIMLIBI, PABHA €IUHUIIE:

p1+ p2+ +pn=1

3Ty 3aIIMCh MOXKHO 3allucarb C IIOMOIIBIO MAaTCMATHYCCKOI'O CHMBOJIA

CYMMBI: Z pi=1
i1
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3HaK ) O3HAYaET, YTO MAET CyMmupoBanue. CrpaBa OT 3TOr0 CHMBOJIA

MUIITYTCS SJIEMEHTBI, KOTOPBIE SIBJISIFOTCS CJIAara€MbIMHU.

B naHHOUM cHUTyanuu 3TO BEPOSITHOCTA P;, P2, P3, U T.1. [loaTtomy mx
MO’KHO 3amucath B OOIEM BHJE Pj, IZI€ BMECTO YHCIOBOTO HHIEKCA
IIOCTaBUM OYKBY I.

[TonpasymeBaeTcst, uto | mpuHUMaeET 3HaueHus: 1, 2, 3, 4 u T 1. D10 H

IUIIETCS BHHU3Y M BBEPXY CHMBOJA z . BHM3y numyTt HayaiabHOE

3HAYCHUE I, a BBEPXY — MOCIIC/IHEE 3HAUCHHUE |.
Hampumep, ecnu HaM HY>KHO TPOCYMMHUPOBATh

P1+ D2+ P3 + Dy +Ps +De + D7+ Pg + Pg T+ Dios
10

TO KOPOYC 5TO MOKHO 3aITMCAaThb: Z pi
i=1

XapaKkTepUCTHKHU CIAYYAHHOU BeJINYUHBI

Maremarnueckoe o:xuganne M[X] JIICKPETHOI CiTydaiiHON BeanuuHbl X

Ha3bIBAETCA €€ CPEeOHeoIcudaemoe 3HaueHue Tpxu MHOTOKPAaTHOM ITOBTOPEHHUH
WCIIBITAHUM, BRIYUCIISIEMOE TIO (hOpMYyJIE:

MIXT= Y P,

T. e. eciin KCTIBITAaHUE TTPOBOJAMTCS MHOT'O Pa3, TO, YeM OOJIbIIIC POBECTH
WCIIBITAHUM, TeM OJIKe cpeiHee 3HaUeHUEe X OyJIeT K 3HAUCHHIO MaTeMaTHIECKOTO
0KHTaHUSL.

IIpumep.

N3 maptun OpeBeH B 500mT uzmepsaoT auametp y 20 MITYK Cly4ailHIM 00pa3oM.
Pesynprarsl nokazanu cinenyromiee: 219mm — Smut, 220mMm — 8mr, 221mMm — 3,
222mM —4mr.

5 8 3 4
: - -025 =— =04 =—=0.15 =—=0.2
BepositHocTH: P; 20 , P 20 , Ps 20 » Pa=25

Psan pactipenenenus:
X, ‘ 219 ‘ 220 ‘ 221 ‘ 222

D, ‘ 0,25 ‘ 0,4 ‘ 0,15 ‘ 0,2

MaremaTudeckoe OXUAAaHHUC:
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M[X]1=x - p, = 219-0,25+220-0,4+221-015+222-0,2 =
i=1
— 54,75+ 88+ 3315+ 44,4 = 220,31

HNucnepcueii D Ha3pBaloT cpemHee apuMeTHUECKOE KBaapaTOB OTKIOHEHUS
HaOIOMaeMBIX 3HAYCHWA TpHU3HAKA OT WX CpeaHero 3HaveHws. Jlucmepcus
npesCcTaBIsieT co0oi Mepy pa3dpoca AJIEMEHTOB COBOKYMHOCTH BOKPYT CpPEIHETO
3HAYCHHUS.

D[X]=MIX*]~ (M[X] re DIX]=Y - p,~(MIX])’

CpenHum KBaJpaTHYeCKHUM OTKJOHEHHMEM Ha3bIBAIOT KBAJIPATHBIA KOPEHbH U3
nucnepcun. CpenHee KBaJApaTHUYECKOE OTKIOHEHUE SIBJISIETCS, KaK W JAUCIEPCHSs,
Mepoil pa30poca BIEMEHTOB COBOKYINHOCTH, HO H3MEpSeTcs, B OTIMYHE OT
JUCTIEPCUM, B TEX K€ €IUHUIAX, KOTOPBIC MCIOIB3YIOT JJIsi U3MEPECHUS 3HAUCHUMN

CIIy4YallHOM BEJIMYMHBI.
o=~+D

IHpumep.
JlaHo pacnpeneneHrne TUCKPETHOM CaydailHOM BennuuHbl X . Halitn
MaTeMaTHYECKOE 0KUITAHUE, JUCIIEPCUIO U CPETHEE KBAIPATUUECKOE OTKIOHEHUE.

Xi ’ 5 ‘ 6 ‘ 7 ‘ 8
pi ’ 0,1 ‘ 0,6 ‘ 0,2 ‘ 0,1
Pemenue.

MaremaTudeckoe 0OXKuaHue HaX0oauM 110 hopmylie:

M(X)=> % -p;=501+6-06+7-02+8:01=63

i=1

D(X)="x7-p;—(M(X)) =5°-01+6°-06+7%-0,2+8-0,1-6,3" =
i=1

=25+216+98+6,4-39,69=0,61

Cpennee kBaj YecKoe OTKIIOHEHUE HaiiieM no hopmye

o=./D(X) =./0,61~0,78

OrBer: M(X)=6,3, D(X)=0,61, c=0,78

105



Bonpocsl 115 3aKpenJieHusi MaTepuasa

[lepeuncnure hopmMysbl KOMOMHATOPUKH.

Kaxkue Buapl cOOBITHIT BEI 3HAETE?

Kaxkue BubI ClTydaiiHBIX COOBITHIA BBl 3HAETE?

UYto Takoe BepOSTHOCTb COOBITHS?

CBolicTBa BEpOSITHOCTH.

UYto Takoe cymma coObITHii? Kak BEIYUCTISAETCS €€ BEPOSTHOCTh?

Uto Takoe nmpousBeneHue coObITH? Kak BRIUUCIISIETCS €0 BEPOSITHOCTh?
Buibl ciiydailHbIX BEJTUYHH.

. UTo Takoe 3aKOH paclpeesieHUus TUCKPETHON CIIy4ailHON BEJIMYMHBI?
10 Kakue xapakTepuCTUKH ClIy4yallHOW BEJIMUUHBI Bbl 3HaETE?

wCoNoGRWNE
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